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INVARIANT DISTRIBUTIONS FOR HOMOGENEOUS FLOWS
AND AFFINE TRANSFORMATIONS
L. FLAMINIO, G. FORNI, AND F. RODRIGUEZ HERTZ
ABSTRACT. We prove that every homogeneous flow on a finite-volume homo-
geneous manifold has countably many independent invariant distributions unless
it is conjugate to a linear flow on a torus. We also prove that the same conclu-
sion holds for every affine transformation of a homogenous space which is not
conjugate to a toral translation. As a part of the proof, we have that any smooth
partially hyperbolic flow on any compact manifold has countably many distinct
minimal sets, hence countably many distinct ergodic probability measures. As
a consequence, the Katok and Greenfield-Wallach conjectures hold in all of the
above cases.
1. INTRODUCTION
A smooth flow φt generated by a smooth vector field X on a compact mani-
fold M is called stable if the range of the Lie derivative LX : C∞(M)→ C∞(M)
is closed and it is called cohomology-free or rigid if it is stable and the range of
the Lie derivative operator has codimension one. For a smooth diffeomorphism f
on M, stability and rigidity are analogously defined by considering the range of
the operator f ∗− I : C∞(M)→C∞(M). The properties of stability and rigidity are
easily seen to be invariant under smooth conjugacies, in the case of either flows or
diffeomorphisms, and under smooth reparametrizations, in the case of flows.
The Katok (or Katok-Hurder) conjecture [Kat01], [Kat03], [Hur85] for flows
states that every cohomology-free smooth flow is smoothly conjugate to a linear
flow on a torus with Diophantine frequencies. It is not hard to prove that all coho-
mology-free flows are volume preserving and uniquely ergodic (see for instance
[For08]). An analogous conjecture can be stated for smooth diffeomorphisms.
We also recall that the Katok conjecture for flows is equivalent to the Greenfield-
Wallach conjecture [GW73] stating that every globally hypoelliptic vector field is
smoothly conjugate to a Diophantine linear flow (see [For08]). A smooth vec-
tor field X is called globally hypoelliptic if any 0-dimensional current U on M is
smooth under the condition that the current LXU is smooth. Greenfield and Wal-
lach in [GW73] proved this conjecture for smooth flows on compact surfaces, for
homogeneous flows in dimension 3 and for homogeneous flows on compact Lie
groups in all dimensions. (The equivalence of the Katok and Greenfield-Wallach
conjectures was essentially proved already in [CC00] as noted by the third author
of this paper. The details of the proof can be found in [For08]).
The best general result to date in the direction of a proof is the joint paper of
the third author [RHRH06] where it is proved that every cohomology-free vector
field has a factor smoothly conjugate to Diophantine linear flow on a torus of the
dimension equal to the first Betti number of the manifold M. This result has been
developed independently by several authors [For08], [Koc09], [Mat09] to give a
complete proof of the conjecture in dimension 3 and by the first author in the
1
2 L. FLAMINIO, G. FORNI, AND F. RODRIGUEZ HERTZ
joint paper [FP11] to prove that every cohomology-free flow can be embedded
continuously as a linear flow in a possibly non-separated Abelian group.
From the definition, it is clear that there are two main mechanisms which may
prevent a smooth flow from being cohomology-free: it can happen that the flow is
not stable or it can happen that the closure of its range has codimension higher than
one (or both).
Examples of stable flows or diffeomorphisms with range of infinite codimension
have been known for a long time: geodesic flows on manifolds of negative curva-
ture and in general transitive Anosov flows and diffeomorphisms are perhaps the
oldest. In this case, by the Livsic theorem [Liv71], the joint kernel of all invari-
ant measures carried by periodic orbits coincides with the closure of the range of
the Lie derivative operator in the Hölder category. The Livsic theorem has been
generalized to the smooth or analytic category in several cases [CEG84], [GK79],
[dlLMM86]. For partially hyperbolic diffeomorphisms A. Katok and A. Kono-
nenko [KK96] introduced a family of continuous functionals on Cα functions, the
Periodic Cycle Functionals (PCF’s). They showed that under a local accessibility
condition a Cα function is a coboundary, modulo constants, if and only if it be-
longs to the kernel of all PCF’s. A. Wilkinson [Wil08] generalized this result to
accessible partially hyperbolic systems. Hence these systems are Cα stable. To the
best of our knowledge there is no proof in the literature that PCF’s span an infinite
dimensional space or even that they are always non trivial. By an elegant argument
suggested by A. Katok in a personal communication it is possible to derive that
PCF’s span an infinite dimensional space of distributions under the condition that
the system is not uniquely ergodic and that finite linear combinations of PCF’s are
never measures. In Section 2 we show that by Wilkinson’s work [Wil08] under the
accessibility condition Theorem 2.1 implies as an easy corollary that the Periodic
Cycle Functionals span an infinite dimensional space of continuous functionals on
Cα(M) (see Corollary 2.3) for all partially hyperbolic C1 diffeomorphisms. A sim-
ilar statement holds for flows (see Corollary 2.5). The proof depends on an exten-
sion of Wilkinson’s theorem on solutions of the cohomological equation to flows.
To the best of our knowledge such an extension is not in the literature, however it
follows quite easily from Wilkinson’s results for maps (see Theorem 2.4).
We also note that generalizations of Livsic theorem in the non accessible case
are due to Veech [Vee86] and Dolgopyat [Dol05].
Among non-hyperbolic systems, in fact among systems of parabolic type, linear
toral skew-shifts [Kat01], translation flows [For97], [MMY05], horocycle flows
[FF03] and nilflows [FF07] are in general uniquely ergodic and stable, but have
range of countable codimension in the smooth category. Translation flows are a
special case as the range closure is finite dimensional in all spaces of finitely differ-
entiable functions [For97].
Flows and diffeomorphisms on compact manifolds with range closure of codi-
mension one in the space of smooth functions are called distributionally uniquely
ergodic (DUE) (see for instance [AFK12]). The motivation for this terminology
comes from the fact that DUE flows or diffeomorphisms can also be defined by the
condition that they are uniquely ergodic and that the space of all invariant distri-
butions is spanned by the unique invariant probability measure. We recall that an
invariant distribution for a flow or a diffeomorphism is a distribution (in the sense
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of S. Sobolev and L. Schwartz) that is invariant under the natural action by push-
forward under the flow or diffeomorphism on the space of distributions. In the case
of flows an equivalent definition requires that the Lie derivative of the distribution
along the flow vanishes in the sense of distributions.
Linear flows on tori with Liouvillean frequencies are examples of non-stable
DUE flows; it is remarkable that distributional unique ergodicity may coexists
with a “chaotic” property such as weak-mixing. In fact B. Fayad [Fay05] has con-
structed examples of mixing smooth time-changes of Liouvillean linear flows on
tori.
Until recently there were no examples of DUE systems, except for toral sys-
tems derived from linear Liouvillean systems. In the past few years several new
examples of this kind have been found by A. Avila and collaborators. Avila and
A. Kocsard [AK11] have proved that all smooth circle diffeomorphisms with ir-
rational rotation number are DUE. Recently Avila, Fayad and Kocsard [AFK12]
have constructed examples of DUE flows on certain higher dimensional compact
manifolds, not diffeomorphic to tori, which admit a non-singular smooth circle
action (hence Conjecture 6.1 of [For08] does not hold).
The goal of this paper is to prove that DUE examples do not appear among non-
toral homogeneous flows, so that a non-toral homogeneous flow always fails to be
cohomology-free already because the closure of its range has codimension higher
than one. In fact, we prove that for any homogeneous flow on a finite-volume
homogeneous manifold M, except for the case of flows smoothly isomorphic to
linear toral flows, the closure of the range of the Lie derivative operator on the
space of smooth functions has countable codimension, or, in other terms, the space
of invariant distributions for the flow has countable dimension. In particular, the
Katok and Greenfield-Wallach conjectures hold for general homogeneous flows on
finite-volume homogeneous manifolds. Our main result can be stated as follows.
Theorem 1.1. Let G/D a connected finite volume homogeneous space. A homo-
geneous flow (G/D,φR) is either smoothly isomorphic to a linear flow on a torus
or it has countably many independent invariant distributions of bounded order (at
most dim(G/D)−1 in the Sobolev sense, at most 1/2 in the Hölder sense).
We can also prove an analogous theorem for affine diffeomorphisms.
Theorem 1.2. Let G/D a connected finite volume homogeneous space. An affine
diffeomorphism (G/D,ψ) is either smoothly isomorphic to an ergodic translation
on a torus or it has countably many independent invariant distributions of bounded
order (at most dim(G/D) in the Sobolev sense, at most 1/2 in the Hölder sense).
An important feature of our argument is that in the case of partially hyperbolic
flows we prove the stronger and more general result that any partially hyperbolic
flow or diffeomorphism on any compact manifold, not necessarily homogeneous,
has infinitely many distinct minimal sets (see Theorem 2.1). In particular, we
have a proof of the Katok and Greenfield-Wallach conjectures in this case. We are
not able to generalize this result to the finite-volume case. However, we can still
prove that a partially hyperbolic homogeneous flow or an affine diffeomorphisms
on a finite-volume manifold has countably many ergodic probability measures (see
Proposition 5.3).
In the non partially hyperbolic homogeneous case, that is, in the quasi-unipotent
case, by the Levi decomposition we are able to reduce the problem to flows on
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semi-simple and solvable manifolds. The semi-simple case is reduced to the case
of SL2(R) by an application of the Jacobson–Morozov’s Lemma which states that
any nilpotent element of a semi-simple Lie algebra can be embedded in an sl2(R)-
triple. The solvable case can be reduced to the nilpotent case for which our main
result was already proved by the first two authors in [FF07]. In both these cases
the construction of invariant distributions is based on the theory of unitary repre-
sentations for the relevant Lie group (Bargmann’s classification for SL(2,R) and
Kirillov’s theory for nilpotent Lie groups).
The paper is organized as follows. In section 2 we deal with partially hyperbolic
flows on compact manifolds. In section 3 give the background on homogeneous
flows that allows us to reduce the analysis to the solvable and semi-simple cases.
A further reduction is to consider quasi-unipotent flows (sect. 4) and partially hy-
perbolic flows (sect. 5) on finite-volume non-compact manifolds; then the main
theorem follows easily (sect. 6). Finally, in section 7 we state a general conjecture
on the stability of homogeneous flows and a couple of more general related open
problems.
Acknowledgments. The authors wish to thank A. Katok for several comments
on the first version of this paper which led to a significant improvement of the
exposition and of the results.
L. Flaminio was supported in part by the Labex CEMPI (ANR-11-LABX-07).
G. Forni was supported by NSF grant DMS 1201534. F. Rodriguez Hertz was
supported by NSF grant DMS 1201326. L. Flaminio would also like to thank
the Department Mathematics of the University of Maryland, College Park, for its
hospitality during the preparation of this paper.
2. PARTIALLY HYPERBOLIC FLOWS AND DIFFEOMORPHISMS ON COMPACT
MANIFOLDS
The goal of this section is to prove the following theorem.
Theorem 2.1. Let M be a compact connected manifold, φt , t ∈ R or t ∈ Z, an
R-action (a flow) or a Z-action (a diffeomorphism) on M and assume φt leaves
invariant a foliation F with smooth leaves and continuous tangent bundle, e.g. the
unstable foliation of a partially hyperbolic flow. Assume also that the action φt
expands the norm of the vectors tangent to F uniformly. Then there are infinitely
many different φt -minimal sets.
The existence of at least one non trivial (i.e. different from the whole manifold)
minimal sets goes back G. Margulis (see [Sta00], [KM96], [KSS02])
and Dani [Dan85], [Dan86]. A similar idea was already used by R. Mañé in
[Mañ78] and more recently by A. Starkov [Sta00], and F. & J. Rodriguez Hertz and
R. Ures [RHRHU08, Lemma A.4.2 (Keep-away Lemma)], in different contexts.
Theorem 2.1 for diffeomorphisms can be derived from the result for flows by
passing to a suspension and for flows it will follow almost immediately from the
next lemma.
Lemma 2.2. Let φt be a flow like in Theorem 2.1. For any k-tuple p1, . . . , pk ∈M of
points in different orbits and for any open set W ⊂M, there exist ε > 0 and q ∈W
such that d(φt(q), pi)≥ ε for all t ≥ 0 and for all i = 1, . . . ,k.
Let us show how Theorem 2.1 follows from Lemma 2.2.
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Proof of Theorem 2.1. Since M is compact there is a minimal set K. Assume now
by induction that there are K1, . . .Kk different minimal set, then we will show that
there is a minimal set Kk+1 disjoint from the previous ones. Let pi ∈ Ki, i = 1, . . . ,k
be k points and take q and ε > 0 from Lemma 2.2. Since d(φt(q), pi) ≥ ε for
any t ≥ 0 and for i = 1, . . . ,k we have that for any i = 1, . . . ,k, pi /∈ ω(q), the
omega-limit set of q. Since the Ki’s are minimal, this implies that Ki∩ω(q) = /0
for i = 1, . . . ,k. Take now a minimal subset of ω(q) and call it Kk+1. 
Let F = TF be the tangent bundle to the foliation with fiber at x ∈ M given by
F(x) = TxF (x). We denote by d the distance on M induced by some Riemannian
metric. Let X be the generator of the flow φt . Let also E(x) = (F(x)⊕〈X(x)〉)⊥
be the orthogonal bundle and Er(x) = expx(BEr (x)) be the image of the r ball in
E(x) by the exponential map. Let f be the dimension of the foliation F and m the
dimension of M. For r ≤ r0 the disjoint union E := ⊔x∈MEr(x) is a (m− f − 1)-
dimensional continuous disc bundle over M. Denote with dF and dE the distances
along the leaves of F and E , and let
Fr(x) = {y ∈F (x) | dF (y,x) ≤ r} ⊂F (x)
be the f -dimensional closed disc centered at x and of radius r > 0. Clearly d ≤ dF
and d ≤ dE .
We may assume that the Riemannian metric on M is adapted so that Fr(x) ⊂
φ−tFr(φtx) for all x ∈ M and r, t ≥ 0. In fact if g is a Riemannian metric such that
‖(φt)∗v‖g ≥Cλ t ‖v‖g for all v∈F(x), all x∈M and all t ≥ 0, (where λ > 1), then
setting gˆ =
∫ T0
0 (φt)∗gdt, with T0 =− logλ (C/2), we have that, for all v ∈ F(x) and
x ∈ M, the function ‖(φt)∗v‖ gˆ is strictly increasing with t.
We may choose r1 < r0 such that if r≤ r1 then, for all x∈M, we have dF (y,z)≤
2d(y,z) for any y,z ∈Fr(x) and dE (y,z) ≤ 2d(y,z) for any y,z ∈ Er(x).
For x ∈ M, let
Vδ ,r(x) =
⋃
z∈Eδ (x)
Fr(z).
There exists r2 ≤ r1 such that, if r and δ are both less than r2, then Vδ ,4r(x) is
homeomorphic to a disc of dimension (m−1) transverse to the flow.
Normalization assumption: After a constant rescaling of X we may assume that
given any x ∈ M, z,y ∈ F (x) and t ≥ 1 we have dF (φt(z),φt(y)) ≥ 4dF (z,y).
Henceforth, in this section, we shall tacitly make this assumption.
Proof of Lemma 2.2. Let p1, . . . , pk ∈M be points belonging to different orbits and
let W ⊂M be an open set. We shall find r > 0 and a point x0 ∈W with Fr(x0)⊂W
and then construct, by induction, a sequence of points xn ∈M and of iterates τn ≥ 1
satisfying, for some δ > 0, the following conditions
(An+1) φ−τn(Fr(xn+1))⊂Fr(xn), for all n ≥ 0,
and
(Bn) φTn x ∈Fr(xn) =⇒ φt(x) /∈
⋃
iVδ ,2r(pi) , for all t ∈ [0,Tn+1).
Here we have set Tn := ∑n−1k=0 τk. Then defining Dn := φ−TnFr(xn) we have Dn+1 ⊂
Dn ⊂Fr(x0) and any point q ∈
⋂
n Dn ⊂Fr(x0)⊂W will satisfy the statement of
the Lemma.
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By the choice of an adapted metric we have
dF (φt(x),φt (p))≥ dF (x, p) , for all p ∈ M and all x ∈F (p) .
This implies that for all i = 1, . . . ,k any r > 0 and any t ≥ 0
(1) x ∈F4r(pi)\F2r(pi) =⇒ φt(x) 6∈F2r(φt(pi)).
Hence there exists δ0 < r2 such that for all δ < δ0 and all r ≤ r2 we have:
(i) for all i ∈ {1, . . . ,k},
φ[0,1]
(
Vδ ,4r(pi)\Vδ ,2r(pi)
)
∩Vδ ,r(pi) = /0 .
The above assertion follows immediately by continuity if pi is not periodic of min-
imal period less or equal to 1. If pi is periodic of period less or equal to 1, then it
follows by continuity from formula (1).
As the orbits of p1, . . . , pk are all distinct and the set W is open, we may choose
a point x0 ∈W and positive real numbers r,δ < δ0 so that the following conditions
are also satisfied:
(ii) Fr(x0)⊂W ;
(iii) for all i, j ∈ {1, . . . ,k}, with i 6= j,
φ[0,1]
(
Vδ ,4r(pi)
)
∩φ[0,1]
(
Vδ ,4r(p j)
)
= φ[0,1]
(
Vδ ,4r(pi)
)
∩
⋃
t∈[0,1]
Fr(φtx0) = /0 .
If for all t > 0 we have Fr(φt(x0))∩⋃iVδ ,r(pi) = /0, then d(φt(x0), pi) > r for
all i = 1, . . .k and all t > 0, proving the Lemma with q = x0 and ε = r. Thus we
may assume that
τ0 := inf
{
t > 0 : Fr(φt(x0))∩⋃iVδ ,r(pi) 6= /0}< ∞
and define
xˆ0 = φτ0(x0).
The above condition (iii) implies that τ0 ≥ 1, hence by the normalization assump-
tion it follows that
(2) F5r(xˆ0)⊂ φτ0
(
Fr(x0)
)
.
Assume, by induction, that points xk ∈ M and iterates τk ≥ 1 satisfying the con-
ditions (An) and (Bn) have been constructed for all k ∈ {0, . . . ,n}, and assume that
the point xˆn := φτn(xn) ∈ M is such that Fr(xˆn) intersects non-trivially some disc
Vδ ,r(pi). Since Vδ ,r(pi) is saturated by F , it follows that F2r(xˆn)∩Eδ (pi) consists
of a unique point zn with dF (zn, xˆn) ≤ 2r; we define xn+1 ∈F (xˆn) as the point at
distance 3r on the geodesic ray in F (xˆn) going from zn to xˆn (or any point on the
geodesic ray issued from zn if xˆn = zn). Then we have
(3) Fr(xn+1)⊂F4r(xˆn)∩Vδ ,4r(pi)\Vδ ,2r(pi) .
Since Fr(xn+1)⊂Vδ ,4r(pi), for all t ∈ (0,1) we have
Fr(φtxn+1)⊂ φtFr(xn+1)⊂ φ[0,1]
(
Vδ ,4r(pi)\Vδ ,2r(pi)
)
.
By the disjointness conditions (i) and (iii), it follows that, for all t ∈ (0,1],
Fr(φtxn+1)∩
k⋃
i=1
Vδ ,r(pi) = /0 .
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It follows that if we define
τn+1 := inf
{
t > 0 : Fr(φt(xn+1))∩⋃iVδ ,r(pi) 6= /0
}
, xˆn+1 = φτn+1(xn+1)
(assuming τn+1 < +∞), then τn+1 ≥ 1, and by the normalization assumption and
by the inclusion in formula (3) we have
Fr(xn+1)⊂F4r(xˆn) = F4r(φτn xn)⊂ φτn
(
Fr(xn)
)
and by construction, having set Tn+2 := ∑n+1k=0 τk, we also have
x ∈ Dn+1 := φ−Tn+1(Fr(xn+1)) =⇒ φt(x) /∈
⋃
iVδ ,2r(pi) , for all t ∈ [0,Tn+2).
The inductive construction is thus completed. As we explained above we have
that (Dn) is a decreasing sequence of closed sub-intervals of Fr(x0) and that any
point q ∈
⋂
n Dn satisfies φt(q) /∈
⋃
iVδ ,r(pi) for all t ≥ 0.
The above inductive construction may fail if at some stage n ≥ 0 we have τn =
+∞. In this case let q be any point in φ−Tn(Fr(xn)). Again such a point q ∈W
satisfies the statement of the Lemma, hence the proof is completed. 
Corollary 2.3. Let ψ be a partially hyperbolic C1 diffeomorphism on a compact
connected manifold M. If the map ψ satisfies the accessibility condition, there ex-
ists α > 0 such that every Hölder invariant distribution of order at most α belongs
to the closure (in the space D ′(M) of all distributions on M) of the linear space
spanned by an invariant measure and by the family of Periodic Cycle Function-
als. In particular, the space spanned by all Periodic Cycle Functionals is infinite
dimensional.
Proof. By [Wil08] results there exists α , β ∈ (0,1) with β ≥α such that a function
f ∈ Cβ (M) belongs to the joint kernel of all Periodic Cycle Functionals (PCF’s)
and of a ψ-invariant measure m if and only if f is a coboundary with a continuous,
hence Cα , primitive (i.e. transfer function). It follows that f belongs to the kernel
of all Hölder invariant distributions of order at most α > 0. Since the space C∞(M)
is reflexive, by the Hahn-Banach theorem if a distribution D ∈D ′(M) does not be-
long to the closure in D ′(M) of the linear space spanned by the invariant measure
m and by the family of all PCF’s, then there exists a function f ∈C∞(M) such that
f has zero average with respect to m and belongs to the kernel of all PCF’s but
D( f ) 6= 0. However, f is a coboundary with Cα transfer function, which implies
that D( f ) = 0. This contradiction implies that the space Dαψ (M) of all Hölder in-
variant distributions of order at most α is a subset of the closure in the topology of
D ′(M) of the linear space spanned by the invariant measure m and by the family of
Periodic Cycle Functionals. Since by Theorem 2.1 the partially hyperbolic diffeo-
morphism ψ has infinitely many distinct minimal sets (it follows by considering a
suspension flow), the space Dαψ (M) is infinite dimensional for any α ≥ 0, hence
the argument is concluded. 
In order to prove an analogous result for partially hyperbolic flows, we extend
Wilkinson’s theorem on solutions of the cohomological equation to the case of
flows. As we shall see, it is a simple corollary of the theorem for maps.
Theorem 2.4. Let φt be a C1 partially hyperbolic flow generated by a vector field X
on a compact manifold M. If the flow φt satisfies the accessibility conditions, then
for any β ∈ (0,1) there exists α ∈ (0,1) such that any Hölder function f ∈Cβ (M)
which belongs to the joint kernel of all Periodic Cycle Funct
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to a constant over the flow φt with a Hölder transfer function in Cα(M), that is,
there exists a Hölder (transfer) function u ∈Cα(M) and a constant c ∈C such that
the following cohomological equation holds (in the distributional sense)
Xu = f − c .
Conversely, if for any function f ∈ Cβ (M) there exists a continuous function u ∈
C0(M) and a constant c ∈ C such that the above cohomological equation holds,
then u ∈Cα(M), hence f belongs to the kernel of all Periodic Cycle Functionals.
Proof. For any t > 0, let ψ(t) denote the time-t map of the flow φt . The C1 diffeo-
morphism ψ(t) is partially hyperbolic and its stable and unstable foliations coincide
with the stable and unstable foliations of the flow. It follows that ψ(t) has the ac-
cessibility property and that the set of its stable-unstable paths coincides with the
set of stable-unstable paths for the flow. Let f ∈Cβ (M) belong to the kernel of all
Periodic Cycle Functionals (PCF’s) for the flow. By the above remark and by the
definition of the PCF’s, it follows that for any t > 0 the function
ft :=
∫ t
0
f ◦φs ds
belongs to the kernel of all PCF’s for the time-t map ψ(t). Let m be any invariant
measure for the flow φt , hence for all its time-t maps. By Wilkinson’s theorem
[Wil08], there exists a unique function ut ∈C0(M), of zero average with respect to
m, and a constant ct ∈ C such that
ft − ct = ut ◦ψ(t)−ut .
We claim that for all t > 0 we have u2t = ut and c2t = 2ct . In fact,
f2t = ft + ft ◦ψ(t) = ut ◦ψ(t)−ut + ct +(ut ◦ψ(t)−ut + ct)◦ψ(t)
= ut ◦ψ(t)−ut +(ut ◦ψ(t)−ut)◦ψ(t)+2ct = ut ◦ψ(2t)−ut +2ct .
It follows by the uniqueness of the solution that u2t = ut and c2t = 2ct as claimed.
By the above claim it follows that for all n ≥ 0 we have
u1/2n = u1 and c1/2n = c1/2n .
We can therefore write, after multiplying on both sides by the factor 2n,
2n
∫ 1/2n
0
f ◦φs ds − c1 = 2n(u1 ◦ψ(1/2n)−u1) .
By taking the limit as n →+∞ (in the sense of distributions), we finally derive the
equation
f − c1 = Xu1 .
We have thus proved that the cohomological equation for the flow has a solution
(u,c) = (u1,c1) with a continuous transfer function u ∈C0(M). In order to prove
that the transfer function is in fact Hölder, we argue that under the assumption
that the function f ∈Cβ (M), the transfer function u ∈ Cα(M). In fact, the above
cohomological equation for the flow implies, by integration along the flow up to
time t = 1, the following cohomological equation for the time-1 map:
f1− c = u◦ψ(1)−u .
It follows then by Wilkinson’s theorem [Wil08], since the time-1 map is partially
hyperbolic and satisfies the accessibility condition, the function f ∈Cβ (M), hence
the integrated function f1 ∈ Cβ (M) as well, and the transfer function u ∈ C0(M),
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that in fact u ∈Cα(M). Finally, we note that if the above cohomological equation
for the flow has a Hölder solution, then the function f ∈Cβ (M) belongs to the ker-
nel of all PCF’s (for the flow) since all PCF’s are invariant functionals, bounded on
any Hölder space, which vanish on constant functions. The argument is therefore
completed. 
From the above theorem and from Theorem 2.1 we can then derive the following
corollary, whose proof is entirely analogous to that of Corollary 2.3.
Corollary 2.5. Let φt be a partially hyperbolic C1 flow on a compact connected
manifold M. If the flow φt satisfies the accessibility condition, there exists α > 0
such that every Hölder invariant distribution of order at most α belongs to the clo-
sure (in the space D ′(M) of all distributions on M) of the linear space spanned by
an invariant measure and by the family of all Periodic Cycle Functionals. In partic-
ular, the space spanned by all Periodic Cycle Functionals is infinite dimensional.
3. HOMOGENEOUS FLOWS AND AFFINE DIFFEOMORPHISMS
Henceforth G will be a connected Lie group and G/D a finite volume space;
this means that D is a closed subgroup of G and that G/D has a finite G-invariant
(smooth) measure. The group D is called the isotropy group of the space M =
G/D. As we are only interested in the quotient space M, we may assume that G
is simply connected and that the isotropy group D is a quasi-lattice, i.e. that the
largest connected normal subgroup of D is reduced to the identity.
Let g be the Lie algebra of G. The exponential map exp : g → G sets up a
bijective correspondence between elements X ∈ g and one-parameter subgroups
(φt = exp tX)t∈R. We denote a one-parameter subgroup (φt)t∈R of G by φR. The
flow generated by left translations by this one-parameter subgroup on the finite
volume space G/D will be denoted (G/D,φR) or simply φR.
If G is simply connected, then the group Aut(G) of Lie group automorphisms
of G is identified with the algebraic group Aut(g) of Lie algebra automorphisms
of g, via the map associating to an automorphism its differential at the identity. In
this case we shall not make a distinction between these groups.
For any group G we denote its center by Z(G). For any element x of a group
G we let Int(x) ∈ Aut(G) be the inner automorphism given by the conjugation by
x. For any normal subgroup H ⊳ G, we denote by IntH(x) the automorphism of H
given by the conjugation by x ∈ G. The center of Z(G) is precisely the kernel of
the map Int : G → Aut(G). The adjoint representation Ad: G → Aut(g) is defined
by letting Ad(g) be the differential of the inner automorphism Int(g) at the identity
of G.
An affine map of a Lie group G is the composition of a continuous automor-
phism A of G and a (left) translation by an element of G. We denote by ψ = uA the
affine map defined by ψ(x) = uA(x) for all x ∈ G, where u ∈ G and A ∈ Aut(G).
Affine maps form a group under composition which may be be identified to the
semi-direct product Aff(G) := Aut(G)⋊G. As G is a normal subgroup of Aff(G)
conjugation by the affine map ψ = uA yields an automorphism of G, which is easily
seen to be given by IntG(ψ) := Int(u)◦A.
An affine map ψ = uA induces a smooth quotient map of G/D if and only if
A(D) ⊂ D and it induces a diffeomorphism of G/D if and only if the equality
A(D) = D holds true. We call affine diffeomorphism of G/D a diffeomorphism
10 L. FLAMINIO, G. FORNI, AND F. RODRIGUEZ HERTZ
of G/D induced by an affine map of G and denote by Aff(G/D) the group of
such diffeomorphisms. The group Aff(G/D) of affine diffeomorphism of G/D is
a quotient group of the group Aff(G) of affine maps of G.
Lemma 3.1. Let G/D be a finite volume space with D a quasi-lattice. Let ψ = uA
be an affine map of G projecting to an affine diffeomorphism ψ¯ of G/D and let φR
a one-parameter subgroup of G. Then
• The flow by left translations by φR on G/D commutes with the map ψ¯ if and
only if the subgroup φR is fixed by the automorphism Int(u)◦A ∈Aut(G).
• The affine diffeomorphism ψ¯ is the identity on G/D if and only if the map ψ
is the right translation by an element in D, i.e. if and only if u = γ and
A = Int(γ−1), for γ ∈ D. Thus the map
ψ¯ ∈ Aff(G/D)→ IntG(ψ) = Int(u)◦A ∈ Aut(G)
is well defined group homomorphism, as the right hand side does not de-
pend on the choice of the affine map ψ = uA ∈ Aff(G) projecting to ψ¯ .
Proof. We have φtuA(x)D = uA(φtx)D for all x ∈ G and all t ∈ R, if and only if
A(φ−t)u−1φtu ∈ yDy−1 for all y ∈ G and all t ∈ R. But D is a quasi-lattice of
G, hence it does not have any non-trivial connected normal subgroups. The first
statement of the lemma follows.
The map ψ¯ is the identity on G/D if and only if it commutes with every one-
parameter subgroup of G. By the previous statement, this condition is equivalent
to the identity A = Int(u−1). Thus xD = ψ¯(xD) = xuD for all x ∈ G. This implies
that u ∈D. 
The conclusion of the above lemma may be stated by saying that, if D is a quasi-
lattice, the group Aff(G/D) of affine diffeomorphism of G/D is isomorphic to the
“adjoint group” {IntG(ψ) ∈ Aut(G) | ψ ∈ Aff(G)}. Hence we obtain
Corollary 3.2. Let G/D be a finite volume space with D a quasi-lattice. Any finite
subgroup of affine map of the homogenous space G/D, acts as a finite group of
automorphims on the Lie algebra of G.
Our results for affine diffeomorphisms will be derive from the corresponding
results for flows by the following method. By a modification of a construction of
S. G. Dani [Dan77] it is possible to reduce the general case of affine diffeomor-
phisms to the case of homogeneous flows up to the action of a finite subgroup.
Invariant distributions for affine maps are then obtained from invariant distri-
butions for homogenous flows. This reduction is based on the fundamental well-
known fact that the spaces of invariant distributions for a diffeomorphism and for
its suspension flow are isomorphic. We include a proof below for the convenience
of the reader.
Definition 3.3. The suspension flow of a diffeomorphism ψ on a smooth manifold
M is a flow {φt} on a manifold ΣM such that M ⊂ ΣM is transverse to the flow and
the map ψ coincides with the first return map to M and with the time-1 map of the
flow {φt} on ΣM (in other terms the return time function is constant and equal to
1).
The suspension flow is unique up to diffeomorphism and can be constructed
as follows. Let ΣM denote the quotient of the product M×R with respect to the
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equivalence relation defined as
(x,r) ∼ψ (ψ−1(x),r+1) , for all (x,r) ∈ M×R .
Let {φt} be the projection to ΣM = M×R/∼ψ of the ‘vertical’ flow on M×R/∼ψ ,
that is, of the flow {φt} defined as
φt(x,r) = (x,r+ t) , for all t ∈ R and (x,r) ∈ M×R .
The flow {φt} is generated by the vector field V on ΣM obtained by projection of
the ‘vertical’ vector field (0,∂/∂ r) on M×R. The manifold M is diffeomorphic
to the manifold M×{0}/∼ψ , by the composition of the inclusion M → M×{0}
and of the projection M×R→ ΣM, and the flow {φt} is the suspension flow of the
diffeomeorphism f as a map on M×{0}/∼ψ .
Proposition 3.4. Let (ΣM,φt) be the suspension flow of a diffeomorphism ψ of a
smooth manifold M. Then the space of ψ-invariant distributions on M of a given
Sobolev or Hölder order (resp. of ψ-invariant measures on M) is isomorphic to
the space of φt -invariant distributions on ΣM of the same Sobolev or Hölder order
(resp. of φt -invariant measures on ΣM).
The statement about measures in the above Proposition follows immediately
from the above construction of the suspension flow. The complete proof of the
Proposition will follow from the Lemma 3.5 below.
Let M be a manifold and let ΣM be the suspension space as defined above. For
any function θ ∈C∞0 (−1/2,1/2), defined on R, such that
(4)
∫ 1/2
−1/2
θ(r)dr = 1 ,
we define a continuous linear operator Eθ : C∞0 (M)→C∞0 (ΣM) as follows. For any
f ∈C∞0 (M), let
(5) E˜θ ( f )(x,r) = ∑
n∈Z
f ◦ψ−n(x)θ(r+n) , for all (x,r) ∈ M×R .
Since θ ∈ C0(−1/2,1/2) the above sum is finitely supported and defines a func-
tion E˜θ ( f ) ∈C∞(M×R), which is constant on all equivalence classes of the rela-
tion ∼ψ , hence descends to a function Eθ ( f ) ∈C∞(ΣM). It is immediate from the
definition that the function Eθ ( f ) has compact support and that
Eθ : C∞0 (M)→C∞0 (ΣM)
is a continuous linear operator. By the above definition, it is also clear that Eθ ex-
tends to a linear continuous operator from Sobolev and Hölder spaces of functions
on M to Sobolev, respectively Hölder, spaces of functions on ΣM of the same order.
Let E∗θ : D ′(ΣM)→ D ′(M) denote the dual operator on distributions, which is
defined as follows:
E∗θ (D)( f ) = D(Eθ ( f )) , for all f ∈C∞0 (M) .
Since the operator Eθ extends to a linear continuous operator on Sobolev and
Hölder spaces of functions and it preserves the order, its dual E∗θ maps Sobolev
and Hölder spaces of distributions on ΣM to Sobolev, respectively Hölder, spaces
of distributions on M of the same order.
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Lemma 3.5. The restriction of the operator E∗θ to the subspace IV (ΣM) of dis-
tribution in ⊂ D ′(ΣM) invariant under the suspension flow {φt} is a continu-
ous linear operator E∗ which does not depend on the choice of the function θ ∈
C∞0 (−1/2,1/2) satisfying the conditions in formula (4). Moreover, the operator
E∗ : D ′(ΣM)→ D ′(M) induces an isomorphism between the space IV (ΣM) and
the subspace Iψ(M) of distributions invariant under the diffeomorphism ψ on M,
which preserves the Sobolev as well as the Hölder order of invariant distributions.
Proof. Let θ1, θ2 ∈C∞0 (−1/2,1/2) be any two functions such that∫ 1/2
−1/2
θ1(r)dr =
∫ 1/2
−1/2
θ2(r)dr = 1 .
We claim that, for any f ∈ C∞0 (M), the function Eθ1( f )− Eθ2( f ) is a smooth
coboundary for the suspension flow. In fact, since θ1 − θ2 has zero average on
(−1/2,1/2) there exists a smooth function χ ∈C∞0 (−1/2,1/2) such that
θ1−θ2 =
dχ
dr .
Let F˜ ∈C∞(M×R) be the function defined as
F˜(x,r) := ∑
n∈Z
f ◦ψ−n(x)χ(r+n) , for all (x,r) ∈ M×R .
The function F˜ is well-defined and it projects to a smooth function F ∈ C∞0 (ΣM).
In addition, from the identity
E˜θ1( f )(x,r)− E˜θ2( f )(x,r) =
dF˜
dr (x,r) , for all (x,r) ∈M×R ,
it follows by projection that Eθ1( f )−Eθ2( f )=V F , as claimed. For any distribution
D ∈ D ′(ΣM) invariant under the suspension flow and for all f ∈ C∞(M) we then
have (
E∗θ1(D)−E
∗
θ2(D)
)
( f ) = D(Eθ1( f )−Eθ2( f )) = D(V F) = 0 .
We have thus proved that the restriction of E∗θ to the subspace of invariant distri-
butions for the suspensionf flow is a continuous linear operator E∗ independent of
the choice of the function θ ∈C∞0 (−1/2,1/2) with integral equal to 1.
Next we prove that the linear operator E∗θ maps the subspace I ′V (ΣM) of invari-
ant distributions for the suspension flow φt into the subspace I ′ψ(M) of invariant
distributions for the diffeomorphism ψ . By construction, for any f ∈ C∞0 (M) we
have the identity
E˜θ ( f ◦ψ)(x,r) = E˜θ ( f )(x,r+1) , for all (x,r) ∈M×R ,
which, under projection on ΣM, implies the following identity:
Eθ ( f ◦ψ) = Eθ ( f )◦φ1 .
It follows that, for all D ∈I ′V (ΣM) and all f ∈C∞0 (M), we have
E∗θ (D)( f ◦ψ) = D(Eθ( f ◦ψ)) = D(Eθ ( f )◦φ1) = D(Eθ( f )) = E∗θ (D)( f ) .
Hence E∗θ (D) ∈I ′ψ(M).
That the continuous linear operator E∗θ is an isomorphism of I ′V (ΣM) onto
I ′ψ(M) follows from the construction of an inverse operator. Let I : C∞0 (ΣM)→
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C∞0 (M) the continuous linear operator defined as follows. For any F ∈ C∞0 (ΣM),
the function I(F) ∈C∞0 (M) is defined as
(6) I(F)(x) =
∫ 1/2
−1/2
F ◦φt(x,0)dt , for all x ∈ M .
By the above definition, it is clear that the operator I extends to a linear continuous
operator from Sobolev and Hölder spaces of functions on ΣM to Sobolev, respec-
tively Hölder, spaces of functions on M of the same order.
It is immediate from the construction that
(I ◦Eθ )( f ) = f , for all f ∈C∞0 (M),
hence the dual operator I∗ : D ′(M)→D ′(ΣM) is a right inverse of the operator E∗θ :
(I∗ ◦E∗θ )(D) = D, for all D ∈D ′(ΣM) .
We claim that for all F ∈ C∞0 (ΣM), the function (Eθ ◦ I)(F)− F is a smooth
coboundary for the suspension flow. Let F˜ ∈ C∞(M×R) be any lift of the func-
tion F on ΣM to M×R. By construction∫ 1
0
[(E˜θ ◦ I)(F)− F˜](x,n+ t)dt = 0 , for all (x,n) ∈ M×Z .
It follows that the smooth function U˜ on M×R defined as
U˜(x,r) =
∫ r
0
[(E˜θ ◦ I)(F)− F˜]◦φt(x,0)dt , for all x ∈ M,
has a well-defined projection U ∈C∞0 (ΣM) to the quotient ΣM = M×R/∼, since
the function (E˜θ ◦ I)(F)− F˜ has a well-defined projection and
U˜(x,n) = 0 , for all (x,n) ∈ M×Z .
In addition, again by construction we have
d
drU˜(x,r) = [(E˜θ ◦ I)(F)− F˜](x,r) , for all (x,r) ∈ M×R ,
hence VU = (Eθ ◦ I)(F)−F , that is, the function (Eθ ◦ I)(F)−F is a coboundary
for the suspension flow, as claimed. It follows that for any invariant distribution
D ∈IV (ΣM) we have
D[(Eθ ◦ I)(F)] = D(F) , for all F ∈C∞0 (ΣM) ,
hence the dual operator I∗ : Iψ(M)→IV (ΣM) is a left inverse of the operator E∗θ ,
that is,
(I∗ ◦E∗θ )(D) = D, for all D ∈IV (ΣM) .
We therefore conclude that the continuous linear operator E∗ : IV (ΣM)→Iψ(M)
is an isomorphism as its inverse I∗ : Iψ(M)→ IV (ΣM) is well-defined and con-
tinuous. Since the operator I extends to a linear continuous operator from Sobolev
and Hölder spaces of functions on ΣM to Sobolev, respectively Hölder, spaces of
functions on M of the same order, its dual I∗ maps Sobolev and Hölder spaces
of distributions on M to Sobolev, respectively Hölder, spaces of distributions on
ΣM of the same order. It follows that the isomorphism E∗ : IV (ΣM)→ Iψ(M)
preserves the Sobolev as well as the Hölder order of invariant distributions. 
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When a group H operates on a group A by automorphisms of A , we denote
by AffH (A ) the group of affine maps ψ = uA of A such that A ∈ H . We also
denote by AffH (A /D) the group of diffeomorphisms of A /D induced by affine
maps in AffH (A ).
Lemma 3.6. Let A and H be linear algebraic groups and assume that H acts
on A by rational automorphisms. Let N ⊂ A be an H -invariant normal sub-
group of A and let D be a quasi-lattice in N . Let ψ ∈AffH (N /D) be an affine
diffeomorphism.
There exist a connected Lie group N̂ such that N < N̂ , a quasi-lattice D̂
of N̂ containing D , a non trivial one-parameter subgroup φR ⊂ N̂ and an affine
map F of N̂ with the following properties:
(1) The map F is induces a periodic affine map Fm of N̂ /D̂ . Let F be the
group generated by Fm.
(2) the map F commutes with the action of φR by left translations on N̂ ;
hence we obtain a quotient flow (F\N̂ /D̂ ,φR) on the double coset space
F\N̂ /D̂ .
(3) the flow (F\N̂ /D̂ ,φR) is smoothly conjugate to a suspension of the affine
map φ on N /D .
The map F yields an affine map of the Levi factor L of N̂ .
Proof. The argument is adapted from the initial step the proof of Theorem 7.1 in
Dani’s paper [Dan77].
Since AffH (N /D) < AffH (A ), we may consider the algebraic hull 〈ψ〉Z of
the subgroup generated by ψ in the algebraic group AffH (A ). The group 〈ψ〉Z is
Abelian with finitely many connected components, hence there exists an element
f ∈ 〈ψ〉Z of order m and a one-parameter group ¯φR = ( ¯φt)t∈R < 〈ψ〉Z0 commuting
with f such that ψ = f ◦ ¯φ1. This implies that ψm = ¯φm. (Here we used the symbol
◦ for the product in AffH (A ) as we think of it as a group of maps of A .)
The group ¯φR is non-trivial, otherwise ψ = f and ψm = id, but by hypothesis
the order of ψ is infinite.
Let us embed the group A (and its subgroups) into AffH (A ) by identifying
elements of the group with the associated left translations. Since the subgroup N
is normal in A and is H invariant, it follows that it embeds as a normal subgroup
of AffH (A ). The subgroup ¯N of AffH (A ) generated by the subgroups ¯φR and
N may fail to be a topological group. For this reason we will then define N̂ :=
N ⋊ φR to be the external semi-direct product of the universal cover φR of ¯φR
which acts on the normal subgroup N by inner automorphisms.
We begin by explaining the algebraic outline of the construction, ignoring, at
first, the topological difficulty mentioned above.
Since ψ ∈ AffH (N /D), its automorphism part Aψ := Aut(ψ) belongs to H
and maps the quasi-lattice D into itself. We claim that the product ¯D := D ·
(Aimψ )i∈Z is a subgroup of ¯N . In fact, since Amψ = Aut( ¯φm) and the translation
part of ¯φm = ψm belongs to N , it follows that Amψ ∈ ¯N . Since D is a subgroup in
N , it follows that ¯D is a subgroup of ¯N = φR ◦N .
Let ¯F be defined by
¯F(x) = f ◦ x◦A−1ψ , for every x ∈ ¯N .
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The map ¯F is a diffeomorphism of ¯N onto itself. In fact, by construction, the
affine map f coincides with φ−1◦ψ and commutes with the group ¯φR. Furthermore
ψ ◦n = ψ(n)◦Aψ , for all n ∈N . Hence for all (t,n) ∈ R×N , we have
(7) f ◦
¯φt ◦n◦A−1ψ = ¯φt ◦ f ◦n◦A−1ψ = ¯φt ◦ ¯φ−1 ◦ψ ◦n◦A−1ψ
= ¯φt−1 ◦ψ(n) ∈ ¯N .
Since the diffeomorphism ¯F commutes with the action of the subgroup ¯D by
multiplication on the right, since f has finite order m ∈ N in the group AffH (A )
and since A−mψ ∈ ¯D , it follows that the diffeomorphism ¯F induces a periodic diffeo-
morphism ¯Fm of order m of the quotient space ¯N / ¯D .
Let ¯F ≈Z/mZ be the group of diffeomorphisms of ¯N / ¯D generated by Fm. The
one-parameter group ¯φR ⊂ ¯N acts by left translations on the quotient ¯F\ ¯N / ¯D
since the map ¯F commutes with the left multiplication by the one-parameter
group ¯φR. By the above formula, it is also clear that the left translation by the
element ¯φ1 on ¯F\ ¯N / ¯D , restricted to the subset N /D , coincides with the map ψ
on N /D .
The map ¯F is an affine diffeomorphisms of ¯N . In fact, the inner automorphism
Int(ψ) determined by ψ on AffH (A ) induces an automorphism of ¯N as shown
by the following formula. For j ∈ Z, let nψ j ∈ N be the translation part of the
affine map ψ j which we write as ψ j = nψ j ◦A jψ . For all (t,n) ∈ R×N we have
Int(ψ)( ¯φt ◦n) = ψ ◦ ¯φt ◦n◦ψ−1
= ¯φt ◦ψ ◦n◦ψ−1 = ¯φt ◦ψ(n)◦n−1ψ ∈ ¯N .
It follows that the map ¯F is the composition of an automorphism of ¯N (restriction
of the inner automorphism Int(ψ) of AffH (A ) given by ψ), followed by a left
translation (by the element ¯φ−1 ∈ ¯N ) and by a right translation (by the element
nψ ∈ ¯N ), that is, for all x ∈ ¯N ,
(8) ¯F(x) := ¯φ−1 ◦ Int(ψ)(x)◦nψ .
As any right translation is an affine map given by an inner automorphism followed
by a left translation, we have proved that the diffeomorphism ¯F is affine.
Let us now take care of the topological part of the construction. As the universal
cover of the group ¯φR is isomorphic to R, we define the group N̂ := N ⋊R to
be the external semi-direct product of the group R which acts on the normal sub-
group N via the action of the one-parameter group ¯φR by inner automorphisms. In
other terms, by definition the group N̂ is the Cartesian product N ×R endowed
with the following product law: for all (n1, t1), (n2, t2) ∈N ×R, we let
(n1, t1)∗ (n2, t2) = (n1 ◦ ¯φt1 ◦n2 ◦ ¯φ−1t1 , t1 + t2) .
The group N̂ endowed with the product topology is a connected Lie group. By
construction there exists a group epimorphism pi : (n, t) ∈ N̂ 7→ n◦ ¯φt ∈ ¯N . Let
D̂ := pi−1( ¯D) be the inverse image of the subgroup ¯D ⊂ ¯N . By definition of the
subgroup ¯D , the group D̂ is generated by D ×{0} and by the elements Akmφ =
n−1ψkm ◦ψ
km = n−1ψkm ◦
¯φkm hence given by following formula:
(9) D̂ = {(γn−1ψkm ,km) | k ∈ Z,γ ∈ D}.
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It follows that the subgroup D̂ is a quasi-lattice in N̂ as its projection on the second
coordinate is the lattice mZ in R, and for each t ∈R the fiber over t of N̂ /D̂ is the
finite volume space N /( ¯φtD ¯φ−1t ).
The one-parameter group φR defined by φt = (1, t), for all t ∈ R, acts by left
multiplication on N̂ /D̂ , hence defining a flow on N̂ /D̂ denoted by the same
letter.
For all (1N , t),(n,0) ∈ N̂ , let
(10) F((1N , t)∗ (n,0)) := (1N , t−1)∗ (ψ(n),0) .
It is clear, by the definition, that F : N̂ → N̂ is a diffeomorphism commuting with
the flow of left translations by φR. Furthermore, formula (8) shows that the map F
projects, via the epimorphism pi : N̂ → ¯N , to the map ¯F : ¯N → ¯N .
We claim that the map F induces a periodic diffeomorphism Fm of order m of
the quotient space N̂ /D̂ and we denote by F ≈ Z/mZ the finite group of affine
diffeomorphims of N /D generated by Fm. To see this, it suffices to verify that
Fm induces the identity map on N̂ /D̂ . In fact, for all (1N , t),(n,0) ∈N ⋊R, we
have
Fm
(
(1N , t)∗ (n,0)
)
∗ D̂ = (1N , t−m)∗ (ψk(n),0)∗ (n−1ψm ,m)∗ D̂
= (1N , t)∗ (1N ,−m)∗ (ψk(n)n−1ψm ,0)∗ (1N ,m)∗ D̂
= (1N , t)∗ (1N ,−m)∗ (Int(ψk)(n),0)∗ (1N ,m)∗ D̂
= (1N , t)∗ (n,0)∗ D̂ .
It follows from formula (10) that the points (1N , t) ∗ (n,0)
)
= φt
(
(n,0)
)
and
φt−1
(
(ψ(n),0)
)
are identified by the map F , and therefore by the group 〈F〉 of
affine diffeomorphisms generated by F . Thus, in the quotient space 〈F〉\N̂ , the
first return map of the flow φR to the transverse section N ×{0} ≈N coincides
with the time-1 map of the flow and is conjugated to the affine map ψ on N in the
sense that
F
(φ1(n,0)) = (ψ(n),0) , for all n ∈N .
By passing to the quotient by D , it follows that the return map of the flow φR to
the transverse section (N ×{0})/D̂ ≈N /D in the double-coset space F\N̂ /D̂
coincides with the time-1 map and is conjugated to the affine map ψ on N /D .
Let L be a Levi subgroup of the group N̂ and let q : N̂ →L be the projection
of group N̂ onto L , with kernel the radical of N̂ . As the radical is a character-
istic subgroup of N̂ , any affine map of N̂ projects, via the homomorphism q, to
an affine map of the Levi subgroup L . In particular the affine diffeomorphism
F and the one-parameter group φR project to an affine diffeomorphism q(F) of
L /q(D̂) and to a one-parameter group q(φR) < L , inducing commuting actions
on L /q(D̂).
The argument is therefore completed. 
Remark 3.7. To prove Theorem 1.1, we may limit ourselves to consider the case
where the flow φR is ergodic on G/D with respect to a finite G-invariant measure.
This is due to the fact that the ergodic components of the flow φR are closed subsets
of G/D (see [Sta00, Thm. 2.5]). Since G/D is connected, if he flow φR is not
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ergodic, then it has infinitely many ergodic components, in which case Theorem 1.1
follows.
The proof of Theorem 1.2 relies, after some technical reductions, on Theo-
rem 1.1 and Lemma 3.6.
Let us explain the main difficulty in applying the Lemma 3.6. We recall that, by
Proposition 3.4, the space of invariant distribution for a suspension flow (ΣM,φR)
of a diffeomorphism (M,ψ) is isomorphic to the space of invariant distribution for
the diffeomorphism ψ . However, the flow (N̂ /D̂ ,φR) constructed in Lemma 3.5
is the suspension of a power of the affine diffeomorphism ψ on N /D . The actual
suspension of the diffeomorphism ψ is given by the projected flow (F\N̂ /D̂ ,φR).
Now, invariant distributions for the flow (N̂ /D̂ ,φR), produced, for example, by
Theorem 1.1, may vanish when projected on the space F\N̂ /D̂ and special care
must be taken to avoid this problem. We remark, however, that this difficulty does
not arise when the invariant distributions for the flow (N̂ /D̂ ,φR) are given by
measures, since the projections of ergodic probability measures of a flow under
a finite-to-one projection are ergodic probability measures for the projected flow.
Thus, in applying the Lemma 3.6, we may suppose that the homogeneous flow
(N̂ /D̂ ,φR) there constructed is ergodic, by the same argument applied at the be-
ginning of this remark.
Henceforth we shall consider ergodic flows. Whenever convenient we may also
assume that G is simply connected by pulling back the isotropy group D to the
universal cover of G. We remark that if D is a quasi-lattice this pull-back is also a
quasi-lattice.
Let G = L⋉R be the Levi decomposition of a simply connected Lie group G
and let G∞ be the smallest connected normal subgroup of G containing the Levi
factor L. Let q : G → L be the projection onto the Levi factor. We shall use the
following result.
Theorem 3.8 ([Dan77], [Sta87], [Sta00, Lemma 9.4, Thm. 9.5]). If G is a simply
connected Lie group and the flow (G/D,φR) on the finite volume space G/D is
ergodic then
• The groups R/R∩D and q(D) are closed in G and in L respectively. Thus
G/D factors onto L/q(D) ≈ G/RD with fiber R/R∩D. The semi-simple
flow (L/q(D),q(φR)) is ergodic.
• The solvable flow (G/G∞D,φR) is ergodic.
By Theorem 3.8 it is possible to reduce the analysis of the general case to that
of the semi-simple and solvable cases. In fact, the following basic result holds.
Lemma 3.9. Let p : G → G(1) be an epimorphism with D ⊂ p−1(D(1)) and let
pˆ : G/D → G(1)/D(1) be the induced quotient map. Let ψ : G/D → G/D and
ψ(1) : G(1)/D(1) → G(1)/D(1) be smooth maps intertwined by pˆ. Then the dimen-
sion of the space of ψ-invariant distributions on G/D of Sobolev order at most s is
greater than or equal to the dimension of the space of ψ(1)-invariant distributions
in D ′(G(1)/D(1)) of Sobolev order at most s.
In particular, if the flow (G/D,φR) of G/D projects onto a flow (G(1)/D(1),φ (1)R )
via the epimorphism p, then the existence of countable many independent invari-
ant distributions for the flow (G(1)/D(1),φ (1)R ) implies the existence of countable
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many independent invariant distributions for the flow (G/D,φR). An analogous
statement is valid for an affine map ψ projecting, via p, onto an affine map ψ(1) of
G(1)/D(1).
Proof. Let H = L2(G(1)/D(1)) and let pˆ : G/D → G(1)/D(1) be the map induced
by the epimorphism p. The map pˆ is G-equivariant for the natural left action of
G on G/D and G(1)/D(1) and measure preserving for the G-invariant probability
measures on these spaces. It follow that the pull-back map pˆ∗ is a G-equivariant
isometry of H onto the G-invariant closed subspace pˆ∗(H)⊂ L2(G/D). We there-
fore define the push-forward map pˆ∗ : pˆ∗(H)→ H as the inverse of pˆ∗.
Since the orthogonal decomposition L2(G/D) = pˆ∗(H)⊕ pˆ∗(H)⊥ is G-invariant,
for any smooth function f on G/D its components in this orthogonal decomposi-
tion are smooth. It follows that the push-forward map pˆ∗ is a linear map of the
space of compactly supported smooth functions C∞0 (G/D) onto a dense subspace
of C∞0 (G(1)/D(1)). Setting, for any D ∈D ′(G(1)/D(1)) and any f ∈C∞0 (G/D),
pˆ∗(D)( f ) = D(pˆ∗( f )),
we obtain a linear continuous injection of D ′(G(1)/D(1)) into D ′(G/D). This map
preserves the Sobolev order of distributions because it is G-equivariant.
For any pair of smooth maps ψ and ψ(1) of G/D and G(1)/D(1) respectively,
such that pˆ ◦ψ = ψ(1), if D ∈ D ′(G(1)/D(1)) is ψ-invariant, the image distribu-
tion pˆ∗(D) is ψ(1) invariant. Thus the dimension of the space of ψ-invariant dis-
tributions in D ′(G/D) is greater than or equal to the dimension of the space of
ψ(1)-invariant distributions in D ′(G(1)/D(1)). 
In dealing with solvable groups it is useful to recall the theorem by Mostow
(see [Sta00, Theorem E.3])
Theorem 3.10 (Mostow). If G is a solvable Lie group, then G/D is of finite volume
if and only if G/D is compact.
When G is semi-simple, in proving Theorem 1.1, we may suppose that G has
finite center and that the isotropy group D is a lattice. This is the consequence of
the following proposition.
Proposition 3.11. Let G be a connected semi-simple group and let G/D be a finite
volume space. If there exists an ergodic flow on G/D, then the connected compo-
nent of the identity of D in G is normal in G. Hence we may assume that G has
finite center and that D is discrete.
Proof. We have a decomposition G = K · S of G as the almost-direct product of
a compact semi-simple normal subgroup K and of a totally non-compact normal
semi-simple group S. Let p : G → K(1) := G/S be the projection of G onto the
semi-simple compact connected group K(1). Let ¯φt the flow generated by ¯X = p∗X
on the connected, compact, Hausdorff space Y := K(1)/p(D). As Y is a homoge-
neous space of a compact semi-simple group, the fundamental group of Y is finite.
The closure of the one-parameter group (exp t ¯X)t∈R in K(1) is a torus subgroup
T < K(1); it follows that the closures of the orbits of ¯φt on Y are the compact tori
T k p(D), (k ∈ K(1)), homeomorphic to T/T ∩ k p(D)k−1.
Let φR be an ergodic flow on G/D, generated by X ∈ g0. Since ¯φt acts ergodi-
cally on Y , the action of T on Y is transitive. In this case we have Y = T/T ∩ p(D),
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and since the space Y is a torus with finite fundamental group, it is reduced to a
point. It follows that T < p(D) = K(1). Thus p(D) is dense in K(1) = G/S and SD
is dense in G.
Let ¯DZ denote the Zariski closure of Ad(D) in Ad(G) (we refer to Remark 1.6
in [Dan80]). By Borel Density Theorem (see [Dan80, Thm. 4.1, Cor. 4.2] and
[Mor05]) the hypothesis that G/D is a finite volume space implies that ¯DZ contains
all hyperbolic elements and unipotent elements in Ad(G). As these elements gen-
erate Ad(S), we have Ad(S)< ¯DZ , and the density of SD in G implies Ad(G) = ¯DZ .
Since the group of Ad(g) ∈Ad(G) such that Ad(g)(Lie(D)) = Lie(D) is a Zariski-
closed subgroup of Ad(G) containing ¯DZ , we obtain that the identity component
D0 of D is a normal subgroup of G and G/D ≈ (G/D0)/(D/D0). We have thus
proved that we can assume that D is discrete. We can also assume that G has finite
center since D is a lattice in G and therefore it meets the center of G in a finite
index subgroup of the center. This concludes the proof. 
Our proof of Theorem 1.1 considers separately the cases of quasi-unipotent and
the partially hyperbolic flows. We recall the relevant definitions.
Let X be the generator of the one-parameter subgroup φR and let gµ denote the
generalized eigenspaces of eigenvalue µ of ad(X) on g= g0⊗C. The Lie algebra
g is the direct sum of the gµ and we have [gµ ,gν ]⊂ gµ+ν . Let
p0 = ∑
ℜµ=0
gµ , p+ = ∑
ℜµ>0
gµ , p− = ∑
ℜµ<0
gµ ,
Definition 3.12. A flow φR on G/D is called quasi-unipotent if g = p0 and it is
partially hyperbolic otherwise. Thus the flow subgroup φR is quasi-unipotent or
partially hyperbolic according to whether the spectrum of the group Ad(φt) acting
on g is contained in U(1) or not.
4. THE QUASI-UNIPOTENT CASE
4.1. The semi-simple quasi-unipotent case. In this subsection we assume that
the group G is semi-simple and the one-parameter subgroup φR is quasi-unipotent.
Definition 4.1. An sl2(R) triple (a,n+,n−) in a Lie algebra g0 is a non-zero triple
satisfying the commutation relations
[a,n±] =±n±, [n+,n−] = 2a.
We prove a generalized version of the Jacobson–Morozov Lemma [Jac79].
Lemma 4.2 (Jacobson–Morozov Lemma). Let n+ be a nilpotent element in a semi-
simple Lie algebra g0. Assume that n+ is invariant under the action of a compact
subgroup F of automorphisms of the Lie algebra g0. Then we can find a semi-
simple element a ∈ g0 and a nilpotent element n− ∈ g0 such that (a,n+,n−) is an
sl2(R) triple invariant under the action of F .
Proof. By the Jacobson-Morozov Lemma there exists a semi-simple element a0
and a nilpotent element n−0 such that (a0,n+,n
−
0 ) is an sl2(R) triple.
Let m be the probability Haar measure on F . We define
a :=
∫
F
f (a0)dm( f ).
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and
n−1 :=
∫
F
f (n−0 )dm( f ).
By construction the element a is F -invariant. Since n+ is also F -invariant and
(a0,n
+,n−0 ) is an sl2(R) triple it follows that
[a,n+] =
∫
F
[ f (a0),n+]dm( f ) =
∫
F
f ([a0,n+])dm( f )
=
∫
F
f (n+)dm( f ) = n+ ;
[n+,n−1 ] =
∫
F
[n+, f (n−0 )]dm( f ) =
∫
F
f ([n+,n−0 ])dm( f )
= 2
∫
F
f (a0)dm( f ) = 2a .
By Morozov’s Lemma, there is an element n−2 such that (a,n+,n
−
2 ) is a sl2(R)
triple. Let us then define
n− :=
∫
F
f (n−2 )dm( f ).
Then a, n+ and n− are F -invariant. Moreover,
[n+,n−] =
∫
F
[n+, f (n−2 )]dm( f ) =
∫
F
f ([n+,n−2 ])dm( f )
= 2
∫
F
f (a)dm( f ) = 2a ;
[a,n−] =
∫
F
[a, f (n−2 )]dm( f ) =
∫
F
f ([a,n−2 ])dm( f )
=−
∫
F
f (n−2 )dm( f ) =−n− .
In conclusion, the elements (a,n+,n−) form an sl2(R) triple (in particular n− is
a non trivial nilpotent element), invariant under the action of the compact subgroup
F ⊂ Aut(g0). 
Given a unitary representation of (pi,H) of a Lie group on a Hilbert space H , we
denote by H∞ the subspace of C∞-vectors of H endowed with the C∞ topology, and
by (H∞)′ its topological dual.
Lemma 4.3 ([FF03]). Let Ut be a unipotent subgroup of PSL2(R). For each non-
trivial irreducible unitary representation (pi,H) of PSL2(R) there exists a distribu-
tion, i.e. an element of D ∈ (H∞)′, such that UtD = D.
Proposition 4.4. Let G be a semi-simple group and let G/D be a finite volume
space. Suppose that φR is a quasi-unipotent subgroup of G such that the flow of φR
on G/D is ergodic and commutes with the action of a finite group F of affine dif-
feomorphisms of G/D. Then, there exists infinitely many independent φR-invariant
distributions on C∞(G/D) of Sobolev order 1/2 which are also F -invariant.
Proof. By Proposition 3.11 we may assume that G has finite center and that D is
a lattice in G. By the Jordan decomposition we can write φt = ct × ut where ct is
semi-simple and ut is unipotent with cR, uR commuting one-parameter subgroups
of G. Since cR is semi-simple and quasi-unipotent, its closure in G is a torus T .
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By Lemma 3.1, the group of affine diffeomorphims F acts by conjugation by
automorphism of the Lie algebra g of G fixing the subgroup φR. By the uniqueness
of the Jordan decomposition of φR, the the action by conjugation of F fixes the
subgroups cR and ut , and consequently it fixes the torus T , closure of cR in G. Let
ˆF be the compact Abelian group of affine diffeomorphisms of G/D generated by
F and left translations by elements of torus T .
By the generalized version of the Jacobson–Morozov lemma 4.2 we can find
sl2(R) triple (a,n+,n−) invariant under ˆF . Thus the action by left translations on
G/D of the analytic group S generated by the triple (a,n+,n−) commutes with the
action of ˆF .
It is well known that the center Z(S) of S is finite and that, consequently, there
exists a maximal compact subgroup K ≈ S1 of S containing Z(S). (Indeed, the
adjoint representation AdG|S of S on the Lie algebra of G, as a finite dimensional
representation of S, factors through SL(2,R), a double cover of S/Z(S). The kernel
of AdG|S is contained in Z(G), because G is connected. Since Z(S) is monogenic,
we have that Z(G) is a subgroup of index one or two of Z(G)Z(S). It follows that
Z(S) is finite).
The group T (0) = ˆF ·K is a compact, Abelian group of affine transformation of
G/D whose connected component of identity is a torus. It follows that the double
coset space T (1)\G/D is a non trivial orbifold and that the space H(0) of L2 func-
tions on G/D which are invariant under the action of T (0) has infinite dimension.
The space H(0) is contained in the space HF of L2 functions on G/D invariant
under Z(S) and ˆF , space on which the group S acts unitarily.
As the center Z(S) of S acts trivially on HF , the Hilbert space HF decompose
as a direct integral
∫
Hαdνα of irreducible unitary representations Hα of PSL2(R),
where να is a measure on the unitary dual of PSL2(R). Since every irreducible
unitary representation of PSL2(R) contains at most one K-invariant vector and
since the space H(0)⊂HF of K invariant vectors is infinite dimensional, we deduce
that the measure να has an infinite support, i.e. that the space HF is not a finite sum
of irreducible unitary representations of PSL2(R).
By the previous Lemma each unitary irreducible representation Hα of PSL2(R)
occurring in the support of να contains a distribution Dα ∈ (H∞)′ of Sobolev or-
der 1/2 which is ut -invariant. Since HF consists of functions that are ˆF -invariant,
this distribution is also invariant by translations φt = ctut and by the affine maps
in F . Since the space H∞
F
coincides with the Fréchet space of C∞ functions on G/D
which are T ·Z(S) invariant as well as F -invariant, the proposition is proved. 
4.2. The solvable quasi-unipotent case. In this subsection we assume that the
group G = R is solvable and the one-parameter subgroup φR is quasi-unipotent and
ergodic on the finite volume space R/D.
We recall the following definition.
Definition 4.5. A solvable group R is called a class (I) group if, for every g ∈ R,
the spectrum of Ad(g) is contained in the unit circle U(1) = {z ∈ C | |z|= 1}.
It will also be useful remark that if R is solvable and R/D is a finite measure
space, then we may assume that R is simply connected and that D is a quasi-lattice
(in the language of Auslander and Mostow, the space R/D is then a presentation);
in fact, if ˜R is the universal covering group of R and ˜D is the pull-back of D to ˜R,
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then the connected component of the identity ˜D0 of ˜D is simply connected [OV94,
Them. 3.4]; hence R/D ≈ ˜R/ ˜D ≈ R′/D′, with R′ = ˜R/ ˜D0 solvable, connected and
simply connected and with D′ = ˜D/ ˜D0 a quasi-lattice.
We also recall the construction, originally due to Malcev and generalized by
Auslander et al., of the semi-simple or Malcev splitting of a simply connected,
connected solvable group R (see [AG66], [Aus73a], [Aus73b], [Gor80]).
A solvable Lie group G is split if G = NG⋊T where NG is the nilradical of G
and T is an Abelian group acting on G faithfully by semi-simple automorphisms.
A semi-simple or Malcev splitting of a connected simply connected solvable Lie
group R is a split exact sequence
0→ R m→ M(R)⇆ T → 0
embedding R into a split connected solvable Lie group M(R) = NM(R)⋊ T such
that M(R) = NM(R) ·m(R); here NM(R) and T are as before. The image m(R) of R is
normal and closed in M(R) and it will be identified with R.
The semi-simple splitting of a connected simply connected solvable Lie group
R is unique up to an automorphism fixing R.
Let Aut(r) ≈ Aut(R) be automorphism group of the Lie algebra r of R. The ad-
joint representation Ad maps the group R to the solvable subgroup Ad(R)<Aut(r);
since Aut(r) is an algebraic group we may consider the Zariski closure Ad(R)∗
of Ad(R). The group Ad(R)∗ is algebraic and solvable, since it’s the algebraic
closure of the solvable group Ad(R). It follows that Ad(R)∗ has a Levi-Chevalley
decomposition Ad(R)∗ =U∗⋊T ∗, with T ∗ an Abelian group of semi-simple auto-
morphisms of r and U∗ the maximal subgroup of unipotent elements of Ad(R)∗.
Let T be the image of Ad(R) into T ∗ by the natural projection Ad(R)∗→ T ∗.
Since T is a group of automorphisms of R, we may form the semi-direct product
M(R) = R⋊T . By definition we have a split sequence
0 → R → M(R)⇆ T → 0.
It can be proved that M(R) is a split connected solvable group NM(R)⋊T and it is
the semi-simple splitting of R (see loc. cit.). We remark that the splitting M(R) =
NM(R)⋊ T yields two projections maps τ : M(R)→ T and pi : M(R)→ NM(R) de-
fined, for any g ∈ M(R), by
(11) g = τ(g)pi(g), τ(g) ∈ T, pi(g) ∈ NM(R) .
The projection τ an epimorphim. Composing τ with the inclusion R → M(R) we
obtain a surjective homomorphism p : R → T .
The proof of the following easy lemma is omitted.
Lemma 4.6. Let G be a Lie group, H a subgroup of automorphisms of G and
let ˆG be the semi-direct product G⋊H . Then any group F of automorphisms
A ∈ Aut(G) normalizing H extends to a group of automorphisms ˆA ∈ Aut( ˆG) by
setting
ˆA(g ·H) = A(g) · (AHA−1), for all A ∈F
Hence every group F of affine maps ψ = uA of G, such that A normalizes H for
all ψ ∈F , extends to a group of affine maps ψˆ of ˆG, defined by ψˆ = u · ˆA.
Proposition 4.7. Let F be a finite group of automorphisms of a connected, sim-
ply connected, solvable Lie group R. For any semi-simple splitting M(R) of R the
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group F extends to a group of automorphisms of M(R), that is there is a homo-
morphism A ∈F 7→ ˆA ∈Aut(M(R)) such that ˆA = A on R.
Proof. By the previous lemma, it suffice to show that, if M(R)=R⋊T , the group T
operates on R by a group of automorphisms normalized by F .
Since, for any A ∈ Aut(R), we have AAd(r)A−1 = Ad(A(r)), the group Ad(R)
and its Zariski closure Ad(R)∗ are normal in Aut(R). Let us show that if Ad(R)∗ =
U∗⋊T ∗ is a Levi-Chevalley decomposition of Ad(R)∗, then the torus T ∗ is normal-
ized by any finite group F of automorphisms of R.
In fact since any two tori in Ad(R)∗ are conjugate in Ad(R)∗, for any A ∈ F
there exists an element uA ∈ U∗ such that AT ∗A−1 = uAT ∗u−1A . Thus, if we de-
note by NormU∗(T ∗) the normalizer of T ∗ in U∗ we obtain a homomorphism
F →U∗/NormU∗(T ∗). Since the group F is finite and U∗/NormU∗(T ∗) a real
unipotent algebraic group, this homomorphism is trivial. Thus, for any A ∈F , we
have AT ∗A−1 = T ∗.
By definition, for any r ∈ R such that Ad(r) = u · t, with u ∈ U∗ and t ∈ T ∗,
the projection of Ad(r) in T ∗ is equal to the element t. For all A ∈ F , we have
AAd(r)A−1 = AuA−1 ·AtA−1. Since AtA−1 ∈ T ∗, we derive that the projection of
AAd(r)A−1 in T ∗ is equal to AtA−1. We have therefore proved that AtA−1 ∈ T , for
all t ∈ T and all A ∈F , concluding the proof. 
It is useful to recall a part of Mostow’s structure theorem for solvmanifolds, as
reformulated by Auslander [Aus73a, IV.3] and [Aus73b, p. 271]:
Theorem 4.8 (Mostow, Auslander). Let D be a quasi-lattice in a simply connected,
connected, solvable Lie group R, and let M(R) = R⋊T be a semi-simple splitting
of R. Then T is a closed subgroup of Aut(r) and the projection τ(D) of D in T is a
lattice of T . If R is class (I), the semi-simple splitting M(R) of R admits a structure
of real algebraic group, with NM(R) its unipotent radical and T a maximal torus
acting on NM(R) by semi-simple automorphisms.
The following theorem was first proved in [AG66, Thm. 4.4] under the hypoth-
esis that D∩NM(R) = D. This amounts to suppose that D is nilpotent, which is the
case when R/D supports a minimal flow, as it is proved in [Aus73b, Thm. C]. A
simplification of the latter proof under the hypothesis that R/D carries an ergodic
flow appears in [Sta00, Theorem 7.1].
Theorem 4.9 (Auslander, Starkov). Let φR be an ergodic flow on a class (I) com-
pact solvable manifold R/D. There exists a semi-simple splitting M(R) = R⋊T =
NM(R)⋊ T of R such that D < NM(R) and the projection map pi : M(R)→ NM(R)
induces a diffeomorphism of R/D onto the compact nilmanifold NM(R)/D conjugat-
ing the flow φR to a nilflow.
In the following lemma we show that, for our purposes, we may assume that
R is a class (I) solvable group and give a new proof that D is a subgroup of the
unipotent radical of the algebraic splitting.
Lemma 4.10. If the flow φR is ergodic and quasi-unipotent on the finite volume
solvmanifold R/D, then the group R is of class (I).
Proof. We may assume R simply connected and connected and D a quasi-lattice.
Let M(R) = NM(R)⋊T = R⋊T be the semi-simple splitting of R. Since the one-
parameter subgroup φR is quasi-unipotent, the closure of the projection τ(φR) in the
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semi-simple factor T < Aut(r) is a compact torus T ′< T . The surjective homomor-
phism τ : R → T induces a continuous surjection R/D → T/τ(D). By Mostow’s
structure Theorem R/D is compact hence T/τ(D) is a compact torus. The orbits
of T ′ in T/τ(D) are finitely covered by T ′. But φR acts ergodically on R/D, hence
T ′ acts ergodically and minimally on T/τ(D). It follows that T/τ(D) consists of a
single T ′ orbit and, since T ′,T are both connected and T ′ < T and T ′ → T ′/τ(D)
is a finite cover, we obtain that T ′ = T . Thus T consist of quasi-unipotent au-
tomorphisms of r, which implies that for all g ∈ R, the automorphism Ad(g) is
quasi-unipotent. Hence the group R is of class (I).
The subgroup τ(D) is a finite group commuting with an ergodic one-parameter
flow on the torus T . It follows that τ(D) is trivial, i.e. that D is included in the
unipotent radical NM(R) of the (algebraic) semi-simple splitting M(R) of R. 
Proposition 4.11. Let R be a solvable, simply connected, connected Lie group
and D a quasi-lattice in R. Let φR < R be a one-parameter group and let F be
a finite group of affine maps of R/D commuting with φR. Assume that the flow
of φR is ergodic and quasi-unipotent. Then there exists a semi-simple splitting
M(R) = R⋊T = NM(R)⋊T of R with the following properties
• We have D < NM(R). Hence the projection map pi : M(R)→ NM(R), defined
by (11), is a the identical group isomorphism of D.
• The map pi induces a diffeomorphism of R/D onto the compact nilmanifold
NM(R)/D conjugating the flow φR to a nilflow uR on NM(R)/D
• The group F projects via pi to a finite group F of affine maps on NM(R)/D
commuting with uR.
Proof. The flow φR is ergodic and quasi-unipotent on the finite volume solvman-
ifold R/D hence, by Lemma 4.10, the group R is of class (I). The theorem of
Mostow and Auslander 4.8 states that R embeds into the algebraic solvable group
M(R). Thus, we may consider, for all t ∈ R, the Jordan decomposition φt = atut
of the element φt ∈ M(R): here aR and uR are commuting one-parameter groups,
respectively, of semi-simple and unipotent elements. Since every semisimple ele-
ment is included in a torus of M(R), the Levi-Chevalley decomposition M(R) =
NM(R)⋊T , may be chosen so that aR < T . Since R is a class (I) solvable group, the
torus T is the closure of the one-parameter group aR.
For any ψ = gA ∈ F set Aψ := A. By the Proposition 4.7, the finite group of
automorphisms of R defined by {Aψ ∈ Aut(R) | ψ ∈F} extends to a finite group
{ ˆAψ ∈ Aut(M(R)) | ψ ∈F}.
Let ψ = gA ∈ F . As the map ψ commutes with the one-parameter group φR
for all t ∈ R we have the identity gA(φt)g−1 = φt = g ˆA(φt)g−1, which implies that
the affine map ψˆ := g ˆA of M(R) commutes with the flow of left translation by the
one-parameter group φR on M(R). This identity also implies, by the uniqueness to
the Jordan decomposition, the identities
g ˆA(at)g−1 = at g ˆA(ut)g−1 = ut
and therefore
(12) g ˆA(z) = zg, for all z ∈ T .
Since the affine maps ψ = gA ∈F induce affine maps of R/D we have A(D) = D,
hence ˆA(D) = D. Thus the affine map ψˆ , passes to the quotient M(R)/D. Remark
INVARIANT DISTRIBUTIONS FOR HOMOGENOEUS ACTIONS 25
also that, since NM(R) is the unipotent radical of M(R), any automorphism of M(R)
maps NM(R) to itself.
It is now easy to prove Auslander and Green theorem: the map p : R → NM(R)
induces a diffeomorphism p¯ : R/D→NM(R)/D intertwining the flow of left transla-
tion by φR with the flow of left translations by uR. Let us show that the diffeomor-
phism p¯ also intertwines the group of affine maps F with a group of affine maps
F := {ψ = pi(g) ˆA | gA ∈ F} of NM(R)/D. Let ψ = gA ∈F and set ψ = pi(g) ˆA;
for any h ∈ R we have
p¯(ψ(hD)) = pi(gA(h)D) = pi
(
gA
(
τ(h)pi(h)
)
D
)
= pi
(
ˆA
(
τ(h)
)
g ˆA
(
pi(h)
)
D
)
= pi(g) ˆA
(
pi(h)D
)
= ψ(p¯(hD))
Since the action by left translation by the one-parameter group φR < R on R/D
commutes with the action of the group F , and since these actions are mapped
by p¯, respectively, to the action by left translation by the one-parameter group
uR < R and to the action of the group F of affine maps of NM(R)/D, the proof is
completed. 
Lemma 4.12. Any finite order affine diffeomorphism ψ of a nilmanifold which
commutes with an ergodic flow is a translation by an element of the center.
Proof. Let ψ = gA be an affine map of a nilmanifold N/D which commutes with
an ergodic flow φR on N/D. Let ¯N := N/[N,N] and ¯D = [D,D]. Since [D,D] and
[N,N] are characteristic groups of D and N, respectively, the affine map ψ yields,
by projection, an affine map ψ¯ of ¯N/ ¯D. The map ψ¯ on the torus ¯N/ ¯D commutes
with the ergodic flow ¯φR on ¯N/ ¯D, projection of the flow φR on N/D. If an affine
map of a torus commutes with an ergodic flow, then its automorphism part is the
identity, since a toral automorphism fixing a vector with rationally independent
coordinates is the identity.
Let A∗ ∈ Aut(n) denote the automorphism of the Lie algebra n of N induced by
A ∈Aut(N).
Let {n(k)} denote the descending central series of n defined by induction as
n(0) = n and n(k+1) = [n(k),n] for all k ∈ N.
Since A∗ projects to the identity map on the Abelianized Lie algebra n/[n,n], we
can write A∗ = I +L1 for some linear map L1 : n→ n(1). Assume, by recurrence
on i, that we have A∗ = I + Li where Li is a linear map from n to n(i), Then, for
x = [y,z] with y ∈ n(i−1) and z ∈ n, we have
A∗x = [A∗y,A∗z] = [y+Liy,z+Liz] = x+ x′
with x′ ∈ n(i+1). It follows that A∗ = I + Li+1 where Li+1 is a linear map from n
to n(i+1). For i equal to the degree of nilpotency of N, we conclude that A∗ is the
identity automorphism of n and that the affine map ψ is a translation.
We claim that any finite order translation of a nilmanifold is a translation by an
element of the center. In fact, a translation of a nilmanifold N/D by an element
m ∈ N is equal to the identity if and only if
n−1mn ∈ D, for all n ∈ N.
It follows that m ∈ D∩Z(N), where Z(N) is the center of N.
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Thus if the k-th power of a translation by m ∈ N is the identity of N/D we have
that mk ∈D∩Z(N). Since the exponential map is onto, we conclude that m belongs
to the center Z(N) as claimed. 
Lemma 4.13. Any translation of a non-toral nilmanifold has infinitely many in-
variant distributions of Sobolev order 1/2.
Proof. Since the exponential map of any nilpotent group is surjective, every trans-
lation of a nilmanifold is the return map (with constant return time) of a nilflow.
Since the suspension of a non-toral nilmanifold by a translation is non-toral, the
suspension flow, hence its return map, has infinitely many independent invariant
distributions of Sobolev order 1/2. 
Lemma 4.14. Let M be a closed connected submanifold of a torus Td transverse to
a linear minimal flow (φt) such that the return time of the flow to M is everywhere
constant (assume is equal to 1). Then M is a subtorus and the map φ1 is a constant
translation on this subtorus.
Proof. Let x ∈ M and let xn = φn(x). Since the translation φn maps M into itself,
we have that TxM = Txn M ⊂ Rd. Since the set xn is dense in M, by continuity (M
needs to be at least C1) we have that TyM = E ⊂ Rd is a constant space E for all
y ∈ M. It follows that M coincides locally with a translate of the projection of E
to the torus, hence there exits a translate T ′ of the projection of E to the torus such
that the set T ′ ∩M non-empty, open and closed. Since M is connected it follows
that M = T ′ and since M is closed, it is a subtorus. 
The first two authors have proved that the main theorem holds for general nil-
flows, that is, that the following result holds:
Theorem 4.15 ([FF07]). An ergodic nilflow which is not toral, has countably many
independent invariant distributions of Sobolev order 1/2.
In conclusion we have
Proposition 4.16. An ergodic quasi-unipotent flow on a finite volume solvmanifold
is either smoothly conjugate to a linear toral flow or it admits countably many
independent invariant distributions of Sobolev order 1/2.
5. PARTIALLY HYPERBOLIC HOMOGENEOUS FLOWS
In the non-compact, finite volume case, by applying results of D. Kleinbock
and G. Margulis we are able to generalize Theorem 2.1 to flows on semi-simple
manifolds. We think that it is very likely that a general partially hyperbolic flow on
any finite volume manifold has infinitely many different minimal sets, but we were
not able to prove such a general statement.
For non-compact finite volume we recall the following result by D. Kleinbock
and G. Margulis [KM96]
and its immediate corollary.
Theorem 5.1 (Kleinbock and Margulis). Let G be a connected semi-simple Lie
group of dimension n without compact factors, Γ an irreducible lattice in G. For
any partially hyperbolic homogeneous flow φR on G/Γ, for any closed invariant
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set Z ⊂ G/Γ of (Haar) measure zero and for any nonempty open subset W of G/Γ,
we have that
dimH({x ∈W | φRx is bounded and φRx∩Z = /0}) = n.
Here dimH denotes the Hausdorff dimension.
Observe that if the flow φR is ergodic, it is enough to assume that the closed
invariant set Z ⊂ G/Γ be proper.
Corollary 5.2. Under the conditions of Theorem 5.1 the flow (G/Γ,φR) has infin-
itely many different compact minimal invariant sets.
Proposition 5.3. Let G be a connected semi-simple Lie group and G/D a finite
volume space. Assume that the flow φR on G/D is partially hyperbolic. Then
the flow (G/Γ,φR) has infinitely many distinct minimal invariant sets supporting
infinitely many gR-invariant and mutually singular ergodic probability measures.
Proof. Let G = K×S be the decomposition of G as the almost-direct product of a
compact semi-simple subgroup K and of a totally non-compact semi-simple group
S, with both K and S connected normal subgroups. Since the flow (G/Γ,φR) is
partially hyperbolic S is not trivial. Since K is compact and normal, then D′ =
DK = KD ⊂ G is a closed subgroup, and since D ⊂ KD, then G/KD is of finite
volume. Moreover, (G/K)/DK ∼ G/KD is of finite volume and G′ = G/K ∼
S/S∩K is semi-simple without compact factor with D′ ⊂ G′ a closed subgroup
with G′/D′ of finite volume and a projection p : G/D → G′/D′. Thus we may
assume that G is totally non compact, and by Proposition 3.11, that the center of G
is finite and that D is a lattice.
If D is irreducible, then the statement follows immediately from Corollary 5.2.
Otherwise, let Gi, for i ∈ {1, . . . , l}, be connected normal semi-simple subgroups
such that G = ∏i Gi, Gi∩G j = {e} if i 6= j, and let Γi = Γ∩Gi be an irreducible
lattice in Gi, for each i ∈ {1, . . . , l}, with Γ0 = ∏i Γi of finite index in Γ. Observe
that G/Γ0 ∼∏i Gi/Γi. Let p : G/Γ0 →G/Γ be the finite-to-one covering and let pi :
G/Γ0 → Gi/Γi be the projections onto the factors. Let φ (0)R be the flow induced by
the one-parameter group φR on G/Γ0 and let φ (i)R be the projected flow on Gi/Γi, for
all i ∈ {1, . . . , l}. Since Γi is an irreducible lattice in Gi, whenever φ (i)R is partially
hyperbolic we can apply Corollary 5.2. Since φ (0)R is partially hyperbolic there is at
least one j ∈ {1, . . . , l} such that φ ( j)R is partially hyperbolic. By Corollary 5.2, the
flow φ ( j)R has a countable family {Kn|n ∈ N} of distinct minimal subsets of G j/Γ j
such that each Kn supports an invariant probability measure ηn. For all n∈N, let us
define µˆn := ηn×Leb on G/Γ0. By construction the measures µˆn are invariant, for
all n ∈ N, and have mutually disjoint supports. Finally, since the map p : G/Γ0 →
G/Γ is finite-to-one, it follows that the family of sets {p(Kn ×∏i6= j Gi/Γi)|n ∈
N} consists of countably many disjoint closed sets supporting invariant measures
µn := p∗µˆn. The proof of the Proposition is therefore complete. 
6. THE GENERAL CASE
We may now prove our main theorem. We shall consider separately the two
cases of a flow and of an affine map.
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Proof of Theorem 1.1. By Remark 3.7 we may suppose that the flow (G/D,φR) is
ergodic. Let also assume that G is simply connected, by possibly pulling back D to
the universal cover of G. Recall that by Theorem 3.8 the ergodic flow (G/D,φR)
projects onto the ergodic flow (L/q(D),q(φR)), where L is the Levi factor of G and
q : G→ L the projection of G onto this factor. Assume that the finite measure space(
L/q(D)
)
is not trivial. Then the statement of the theorem follows from Proposi-
tion 4.4 if the flow
(
L/q(D),q(φR)
)
is quasi-unipotent and by Proposition 5.3 if it
is partially hyperbolic.
If the finite measure space
(
L/q(D)
)
is reduced to a point, then, using again
Theorem 3.8, we have G/D ≈ R/R∩D, where R is the radical of G. We obtain
in this way that our original flow is diffeomorphic to an ergodic flow on a finite
volume solvmanifold. By Mostow’s theorem (see Theorem 3.10), a finite volume
solvmanifold is compact. Hence the statement of the theorem follows from Theo-
rem 2.1 if the projected flow is partially hyperbolic and by Proposition 4.16 if it is
quasi-unipotent. The proof is therefore complete. 
Proof of Theorem 1.2. In the course of the proof we shall use many times the Lem-
mata 3.5 and 3.9 which allow us to say that, whenever a quotient map or a suspen-
sion of an affine diffeomorphism has an infinite dimensional space of invariant dis-
tribution of a given order, so does the affine diffeomorphism. The same statement
applies to measures. In the sequel, the term “by standard arguments” will refer to
the application of this line of reasoning to infer that an affine diffeomorphism has
an infinite dimensional space of invariant distribution (or measures).
Let ψ0 = gA be an affine map of G/D. Let A = H = Aut(G) ≈ Aut(g) and
let H act on A by inner automorphims (i.e. by conjugation). The groups A
and H are real algebraic groups and H acts rationally on A . Let N =AdG(G)<
A . Since for all A ∈ A and all x ∈ G we have A ◦AdG(x) ◦A−1 = AdG(Ax), the
group N is normal in A and stable under the action of H on G
The epimorphism AdG : G 7→N ≈G/Z(G), maps the closed subgroup D to the
subgroup DZ(G). Let D = DZ(G). Then, the map AdG induces a smooth submer-
sion of G/D onto the finite volume space N /D ≈ G/DZ(G). This submersion
intertwines the affine map ψ0 = gA of G/D with the affine map ψ = AdG(g) ◦
IntAut(G)(A) ∈ AffH (A ), with IntAut(G)(A) ∈H the conjugation by A ∈ Aut(G).
By standard arguments, if the space of ψ-invariant measures on N /D (respec-
tively, the space of ψ-invariant distributions on N /D of a given order) has infinite
dimension, so does the space of ψ0-invariant measures on G/D (respectively, the
space of ψ0-invariant distributions on G/D of the same order).
By Lemma 3.6, there exist a connected Lie group N̂ such that N < N̂ , a
quasi-lattice D̂ of N̂ containing D , a non trivial one-parameter subgroup φR ⊂ N̂
and a finite cyclic group F of affine diffeomorphism of N̂ /D̂ with the following
properties:
(1) the group F commutes with the flow of the one-parameter group φR by
left translations on N̂ ; hence we obtain a quotient flow (F\N̂ /D̂ ,φR)
on the double coset space F\N̂ /D̂ .
(2) the flow (F\N̂ /D̂ ,φR) is smoothly conjugate to a suspension of the
affine map ψ on N /D .
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The structure of the proof is now analogous to the proof of Theorem 1.1 and
proceeds by analyzing the different cases for the dynamics of the flow φR on the
homogeneous space N̂ /D̂ and then deriving the consequences for the affine map
ψ of N /D and finally for the original map ψ0 of G/D.
First we notice that we may assume that the flow (N̂ /D̂ ,φR) is ergodic: in fact
the ergodic decomposition of this flow yields an infinite dimensional space of φR-
invariant signed measures, which may be averaged under the action of F , yielding
again an infinite dimensional space of φR-invariant and F -invariant signed mea-
sures; then we conclude, by standard arguments that the affine map ψ0 preserves
infinitely many ergodic mutually singular invariant probability measures. Thus we
assume that the flow (N̂ /D̂ ,φR) is ergodic.
By Theorem 3.8, the ergodic flow (N̂ /D̂ ,φR) projects onto the ergodic flow(
L /q(D̂),q(φR)
)
, where L is the Levi factor of N̂ and q : N̂ → L the pro-
jection of N̂ onto this factor. The group of affine diffeomorphisms F of N̂ /D̂
projects under q to a quotient finite cyclic group of affine diffeomorphisms F ◦q
of the quotient space L /q(D̂) conmmuting with the ergodic flow q(φR).
Case A: Non trivial Levi factor L . Suppose that the finite measure space
L /q(D̂) is not trivial. We distinguish two cases according to whether the flow(
L /q(D̂),q(φR)
)
is partially hyperbolic or quasi-unipotent.
Partially hyperbolic flow on the Levi factor. By Proposition 5.3, the flow q(φR)
has infinitely many distinct compact invariant sets supporting infinitely many in-
variant and mutually singular ergodic probability measure. Then, by standard ar-
guments, the covering flow (N̂ /D̂ ,φR) has infinitely many φR-invariant and mu-
tually singular ergodic probability measures (µi)i∈I . By averaging this collection
of measures under the action of the finite cyclic group F we obtain an infinite
sub-collection of probability measures on the quotient space F\N̂ /D̂ which are
invariant and ergodic for the quotient flow φR. Then, by standard arguments, we
conclude that the affine diffeomorphism ψ , first, and the affine diffeomorphism ψ0,
next, have an infinite set of probability invariant measures.
Quasi unipotent flow on the Levi factor. If the flow (L /q(D̂),q(φR)) is quasi-
unipotent, by Proposition 4.4, there exists infinitely many independent q(φR)-inva-
riant distributions on the space L /q(D̂) of Sobolev order 1/2 which are also invari-
ant under the finite cyclic group F ◦q. By standard arguments, we obtain that the
dimension of the space of distributions of Sobolev order 1/2 on N̂ /D̂ which are
simultaneously φR-invariant and invariant under F is infinite. This is the same as
saying that the space of distributions of Sobolev order 1/2 on F\N̂ /D̂ which are
invariant under the flow φR is infinite. Then, by standard arguments, we conclude
that the affine diffeomorphism ψ , first, and the affine diffeomorphism ψ0, next,
have an infinite dimensional space of invariant distributions of Sobolev order 1/2.
Case B: Solvable N̂ . Thus the theorem is proved if the finite measure space
L /q(D̂) is not trivial. In the opposite case, by Theorem 3.8 we may and will
assume that N̂ /D̂ is a finite volume solvmanifold.
Then the same is true of the manifold N /D , since N is a subgroup of N̂
hence solvable, and of the manifold G/D, since N ≈ G/Z(G). By Mostow’s
Theorem 3.10, a finite volume solvmanifold is compact.
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If the flow (N̂ /D̂ ,φR) is partially hyperbolic, so are the maps ψ and ψ0. Hence,
in this case by Theorem 2.1, the map ψ0 admits infinitely many minimal sets and
independent invariant ergodic probability measures.
If, on the contrary, the flow (N̂ /D̂ ,φR) is quasi-unipotent then, by Proposi-
tion 4.11 there exists a diffeomorphism ˜h : N̂ → N onto a nilpotent Lie group N.
The diffeomorphism ˜h satisfies the following properties:
(1) It induces a quotient diffeomorphism h : N̂ /D̂ →N/∆ onto a compact nil-
manifold N/∆ conjugating the flow φR on N̂ /D̂ with a nilflow uR on N/∆.
(2) Restricted to D̂ , the diffeomorphism ˜h is a group isomorphism of D̂ onto ∆.
Thus we may identify D̂ ≈ ∆
(3) It conjugates the finite cyclic group F to a finite cyclic group of affine
diffeomorphisms F ′ commuting with the flow uR.
It follows, in particular, that D̂ is a (co-compact) lattice in N̂ .
By Lemma 4.12, the group F ′ is generated by a translation by an element of the
center of N. This fact has several consequences. First, the group F ′∆ is discrete
and the quotient space F ′\N/∆ coincides with the compact nilmanifold N/F ′∆.
Second, as the group F ′ operates without fixed points on N/∆, so does the group
F on N̂ /D̂ . Thus the quotient space F\N̂ /D̂ is a smooth manifold1. Third, the
group F commutes with the lattice D̂ and the diffeomorphism ˜h is an isomorphism
of the group FD̂ onto the group F ′∆. In particular we may regard the diffeomor-
phism h as a diffeomorphism of the double coset quotient space F\N̂ /D̂ onto
N/F ′∆, conjugating the flow φR with the flow uR.
Suppose N is not Abelian. If the connected nilpotent group N is not Abelian,
then, by the results of [FF07], the flow uR on the compact nilmanifold N/F ′∆
admits infinitely many independent invariant distributions of Sobolev order 1/2. It
follows that the same is true for the flow
(
F\N̂ /D̂ ,φR
)
and by standard argu-
ments for the affine map ψ0 on G/D.
Suppose N is Abelian. We are left to consider the case where the connected
nilpotent group N is Abelian. Then the compact nilmanifolds N/∆ and N/F ′∆
are tori. The flow of the one-parameter group uR on these manifolds is conjugate,
respectively, to the flows (N̂ /D̂ ,φR) and (F\N̂ /D̂ ,φR). In particular the mani-
folds N̂ /D̂ and F\N̂ /D̂ are tori, up to a diffeomorphisms.
Recall that the flow (F\N̂ /D̂ ,φR) is the suspension of the affine diffeomor-
phism (N /D ,ψ). Thus the manifold M := h(N /D) is a submanifold of the torus
N/F ′∆, such that the linear flow uR has constant return time to M. By Lemma 4.14
the manifold M is a subtorus Tk of N/F ′∆ and the return map to M =Tk is a trans-
lation on this torus. Thus (N /D ,ψ) is diffeomorphically conjugate to a torus
translation (Tk,τ).
As D̂ is a lattice and N̂ /D̂ a compact torus (up to a diffeomorphism), by con-
struction of the groups N̂ and D̂ , we have that the subgroup D < D̂ is a lattice in
the subgroup N < N̂ .
By definition we have N ≈ G/Z(G) and D = DZ(G). However, as D is, by
construction, a subgroup of the discrete group D̂ , a lattice in N we obtain that
1This is actually true, by construction of F , in a more general situation, e.g. whenever we may
assume that the flow φR commuting with F is minimal.
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D = DZ(G), that is DZ(G) is a closed subgroup of the solvable group G. Thus,
in the present situation, we have an affine diffeomorphism ψ0 of the compact solv-
manifold G/D inducing, via the submersion AdG : G/D → G/DZ(G), an affine
map ψ of the quotient space G/DZ(G) which is conjugated by a diffeomorphism
F : G/DZ(G)→ Td to an ergodic translation of the torus Td .
The minimal sets of ψ0 are compact subsets of G/D surjecting onto G/DZ(G),
hence carrying a unique ψ0-invariant measure. Since G/D is connected, either ψ0
is a minimal diffeomorphism of G/D or there are infinitely may disjoint minimal
sets of ψ0, and in particular infinitely ψ0-invariant independent probability measure
on G/D. Thus we may assume that the diffeomorphism ψ0 is (uniquely) ergodic.
This implies by Theorem 2.1 that the diffeomorphism ψ0 is quasi-unipotent.
By Corollary 6.4 below, the diffeomorphism ψ0 either admits infinitely many
invariant independent distributions or is smoothly diffeomorphic to a translation
on a torus.
The proof is therefore complete. 
For any manifold M let χ(M) denote the space of vector fields on M. In what
follows we identify the Lie algebra g of any Lie group G with the space χ(M)G of
right invariant vector fields on G. For any homogeneous space G/D, the Lie algebra
g is identified with the subspace χ(G/D)G ⊂ χ(G/D) given by the projections on
G/D of the right invariant vector fields on G.
Lemma 6.1. Let G be a connected, simply connected, solvable Lie group, let
D < G be a lattice in G and let ψ0 = u0A0 be an ergodic affine quasi-unipotent
diffeomorphism of G/D. Assume that Z(G)D is a closed subgroup of G. Let
F : G/Z(G)D → Td be a diffeomorphism conjugating the map ψ , induced by ψ0
on G/Z(G)D, with an ergodic translation τ of Td .
G/D G/D
G/Z(G)D G/Z(G)D
Td Td
ψ0
ψ
F F
τ
Then there exists a structure of nilmanifold on G/D (of degree of nilpotency at most
2) with respect to which the map ψ0 is affine and unipotent. More precisely, there
exists a connected, simply connected, nilpotent Lie group N, a lattice Γ < N, a
diffeomorphism F0 : G/D → N/Γ and an unipotent ergodic affine diffeomorphism
τ0 : N/Γ→ N/Γ such that F0 ◦ψ0 = τ0 ◦F0.
Proof. Step 1. Let Z0(G) the connected component of the identity of the center
Z(G) of G. The covering G/Z(G)0D→G/Z(G)D is finite since G/D is a compact
solvmanifold, by Mostow’s Theorem, which covers G/Z(G)0D. Hence G/Z(G)0D
is diffeomorphic to a torus. Thus, with no loss of generality, we shall assume that
Z(G) is connected.
Let Z = Z(G)/(Z(G)∩D). The group Z acts freely on G/D by left translations.
Since the orbit space G/Z(G)D is Hausdorff, and G/D is compact, the orbits of Z
are compact. Hence Z is a compact connected Abelian Lie group acting freely on
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G/D. Composing the projection pi : G/D → G/Z(G)D with the diffeomorphism
F : G/Z(G)D → Td, the map p : G/D → Td so obtained endows the space G/D
with the structure of a principal Z-bundle over Td .
G/D G/D
Td Td
ψ0
p p
τ
Let fix a connection ω for the principal bundle (G/D, p).
Denote by z ≈ Rs the Lie algebra of the group Z. The Lie algebra z may be
identified to the fundamental vertical vector fields on G/D, generators of the left
action of Z(G) on G/D.
For any “constant” (i.e. invariant under group translation) vector field X on Td
let X∗ be its horizontal lift for the connection ω . We call such lifted vector fields
X∗, the fundamental horizontal vector fields (for the connection ω). Let X∗1 , . . . ,X∗d
be a basis of fundamental horizontal vector fields for the connection ω projecting
to constant fields X1, . . . ,Xd. As the Xi’s commute, we have
[X∗i ,X
∗
j ] =−Ω(X∗i ,X∗j )
where Ω is the z-valued curvature 2-form of the connection ω . We recall that,
since Z is Abelian, the curvature form of any connection on M is simply the differ-
ential of the z-valued connection form.
Let Ω˜ the z-valued 2-form on Td defined by Ω˜(Xi,X j) = Ω(X∗i ,X∗j ), so that
Ω = p∗Ω˜. The 2-form Ω˜ is closed (since p∗ is injective and dΩ = d2ω = 0). Thus
Ω˜ is cohomologous to a constant z-valued 2-form Ω0 on Td , that is, there is a z-
valued 1-form λ on Td such that Ω˜ = Ω0 +dλ . Let us define a new connection by
ω ′ = ω + p∗λ . If X ′1, . . . ,X ′d are the horizontal lifts of the constant fields Xi’s for
the connection ω ′, since p∗X ′i = p∗X∗i = Xi for all i = 1, . . .d, we have
[X ′i ,X
′
j] =−Ω′(X ′i ,X ′j) =−dω ′(X ′i ,X ′j)
=−dω(X ′i ,X ′j)+dp∗λ (X ′i ,X ′j)
=−Ω(X∗i ,X∗j )+ p∗dλ (X∗i ,X∗j )
=−Ω˜(Xi,X j)+dλ (Xi,X j) =−Ω0(Xi,X j)
Let (V ∗α ) be a basis of fundamental vertical vector fields associated to a basis of z
denoted by the same letters. Then for all α = 1, . . . , as the the group Z is Abelian,
we have
[V ∗α ,X ′j] = 0.
We conclude that the vector fields X ′1, . . . ,X ′d and (V ∗α ) on G/D generate a (d + s)-
dimensional nilpotent Lie algebra n of degree of nilpotency 2 at most. Let N be
the simply connected, connected nilpotent group of Lie algebra n. The group N
operates locally faithfully on G/D via an action α : N×G/D → G/D, whose gen-
erators are the vector fields X ′1, . . . ,X ′d and (V ∗α ). As the sub-algebra z is contained
in n, the universal cover Z˜ of the group Z is contained in N. The group N/ ˜Z is iso-
morphic to Rd via a mapping sending the generators X ′i + z to standard generators
of Rd. Since we have covering homomorphisms Z˜ → Z(G)→ Z, the ˜Z-orbits on
G/D coincide with the Z(G)-orbits, in particular they are closed. It follows that the
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action α of N on G/D induces a quotient action α¯ : N/ ˜Z×G/Z(G)D→G/Z(G)D
of the Abelian group N/ ˜Z ≈Rd on G/Z(G)D. It is plain that the composition with
the diffeomorphism F : G/Z(G)D→Td yields an action of N/ ˜Z ≈Rd on Td which
is simply the action of Rd on Td with generators X1, . . . , Xd, i.e. the plain action
Rd on Td by translations. It follows that the action of N (or N/ ˜Z) on the compact
space G/Z(G)D is transitive. Since the Z˜-orbits are compact, we conclude that the
action on N on G/D is transitive.
Fixing a point x0 ∈G/D and defining Γ as the isotropy group {n∈N |α(n,x0) =
x0} of the point x0, we obtain a diffeomorphism N/Γ → G/D whose inverse will
be denoted F0 : G/D → N/Γ. We leave to the reader the easy verification that
the induced quotient map G/Z(G)D → N/ ˜ZΓ coincides with the given diffeomor-
phism F , via the identification N/ ˜Z ≈ Rd defined above. In particular the map
G/D → N/ ˜ZΓ = Td coincides with the principal bundle projection p. We summa-
rize the above construction with the following diagram:
G/D N/Γ
G/Z(G)D N/ ˜ZΓ ≈ Td
F0
pi
p
F
with
(13) zF0(xD) = F0(zxD), ∀z ∈ Z(G), ∀xD ∈ G/D.
Henceforth the nilmanifold N/Γ will be endowed with the above defined connec-
tion ω ′ having (constant) curvature Ω0. To simplify notations these forms will be
renamed ω and Ω. We recall that for any fundamental horizontal fields X∗,Y ∗ pro-
jecting to constant fields X and Y and any fundamental vertical vector field V ∗ we
have [X∗,Y ∗] =−Ω(X ,Y ) and [X∗,V ∗] = 0.
Remark. The construction above depends on the arbitrary choice of a primitive
λ of the exact form ˜Ω−Ω0. Clearly λ is determined up to a closed one-form,
i.e. up to a form λ0 + d f , with λ0 and f , respectively, a constant one-form and a
smooth function on the torus Td. The effect of adding a constant one-form to λ
consists in composing the map F0 with a diffeomorphism N/Γ → N/Γ′ induced
by an automorphism of N which projects to the identity automorphism of N/ ˜Z.
Adding an exact one-form d f to λ results into composing the diffeomorphism F0
with the fiber-wise diffeomorphism xΓ 7→
(
exp f (x ˜ZΓ))xΓ.
Thus the group structure of N is only determined up to these ambiguities.
Step 2. Recall that the Lie algebra g is identified with the space χ(G/D)G of vec-
tor fields generating the left action of G on G/D. The push-forward map of vector
fields ψ0∗ = (dψ0) ◦ψ0−1 induced by the affine diffeomorphism ψ0 = u0A0 maps
the Lie algebra χ(G/D)G ≈ g onto itself and it is easily identified with the auto-
morphism of g defined by B0 = AdG(u0)◦A0. By hypothesis the automorphism B0
is quasi-unipotent.
The center Z(G) is a characteristic subgroup of G, hence any automorphism
of G restricts to an automorphism of Z(G). Furthermore, the restriction of the
automorphism B0 to the sub-algebra z coincides with A0. Since A0(Z(G)) = Z(G)
and A0(D) = D the automorphism A0 defines a quasi-unipotent automorphism of
the torus Z(G)/Z(G)∩D. It follows that the spectrum of B0 restricted to z consists
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of roots of the unity. Equivalently the spectrum of ψ0∗ , restricted to the space of
fundamental vertical vector fields, consists of roots of the unity.
Step 3. Let τ0 = F0 ◦ψ0 ◦F0−1. The map τ0 : N/Γ → N/Γ induces an ergodic
translation τ on the quotient torus N/ ˜ZΓ:
G/D N/Γ N/ ˜ZΓ ≈ Td
G/D N/Γ N/ ˜ZΓ ≈ Td
F0
ψ0
p
τ0 τ
F0
p
τ ◦ p = p◦ψ0
τ ◦F = F ◦ψ
Since for any z ∈ Z(G) and any xD ∈ G/D we have ψ0(zxD) = A0(z)ψ0(xD),
and since by formula (13) the diffeomorphism F0 intertwines the actions of Z(G)
on the spaces G/D and N/Γ, we obtain a similar identity for the diffeomorphim τ0:
(14) τ0(zxΓ) = A0(z)τ0(xΓ), ∀z ∈ Z(G), ∀xΓ ∈ N/Γ,
or, equivalently,
(τ0)∗V ∗ = A0(V ∗),
for any fundamental vector field V ∗ on N/Γ.
By definition constant vector fields X on N/Z(G)D are vector fields invariant by
all translations, hence satisfying
(τ)∗X = X .
Thus, for any fundamental horizontal vector field X∗ projecting to a constant vector
field X , we have
(15) (τ0)∗X∗ = X∗+µ(X),
with µ a smooth 1-form on N/Z(G)D with values in z. From this identity it follows
that, for any two fundamental horizontal vector fields X∗1 and X∗2 projecting to
constant vector fields X1 and X2, we have
(τ0)∗[X∗1 ,X
∗
2 ] = [X
∗
1 +µ(X1),X∗2 +µ(X2)] = [X∗1 ,X∗2 ]+dµ(X1,X2).
Using the identity (14) and considering that [X∗1 ,X∗2 ] equals the fundamental verti-
cal vector field −Ω(X1,X2) we obtain the identity
dµ = Ω−A0 ◦Ω.
As the right hand side is a constant 2-form on N/ ˜ZΓ and the left hand side and
exact 2-form, both terms are zero. Hence
(1) the one-form µ is closed, and
(2) A0(V ∗) =V ∗ for all V ∗ ∈ [n,n].
Step 4. Having studied the spectrum of the automorphism B0 = u0A0u−1 ∈
Aut(g), restricted to fundamental vertical vector fields (i.e. to z), we now proceed
to consider the spectrum of the automorphism B ∈Aut(g/z) induced by B0 on g/z.
As by previous remarks, the automorphism B will be identified with the restric-
tion of the push-forward map ψ∗ to the vector fields arising from the left action of
G/Z(G) on G/Z(G)D.
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The Lie algebras g ≈ χ(G/D)G and g/z ≈ χ(G/Z(G)D)G/Z(G) are mapped
by the push-forward maps F0∗ and F∗ respectively to isomorphic sub-algebras
F0∗(g) ⊂ χ(N/Γ) and F∗(g/z) ⊂ χ(N/ ˜ZΓ) of vector fields on N/Γ and N/ ˜ZΓ ac-
cording to the following diagram
Y ′ ∈ g ¯Y ∈ χ(N/Γ)
ˆY ∈ g/z Y ∈ χ(N/ ˜ZΓ)
F0∗
pi∗
p∗
F∗
.
The automorphism B ∈ Aut(g/z) is conjugated by the map F∗ to an automor-
phisms of the sub-algebras F∗(g/z), still denoted by B, and coinciding with the
push forward map τ∗:
g/z F∗(g/z)⊂ χ(N/ ˜ZΓ)
g/z F∗(g/z)⊂ χ(N/ ˜ZΓ)
F∗
ψ∗ = B τ∗ = B
F∗
Thus we have, for any vector field Y ∈ F∗(g/z),
(16) τ∗Y = B(Y ).
Let y= (y1, . . . ,yd) be “linear coordinates” on the torus N/ ˜ZΓ, for which the lattice
˜ZΓ is the lattice Zd in Rd and the (ergodic) translation τ is the translation modulo
Zd by the irrational vector α ∈ Rd . In these coordinates the differential of the τ is
the identity and we obtain, for all vector fields Y on N/ ˜ZΓ and all y ∈ N/ ˜ZΓ
(τ)∗Y (y) =Y (τ−1(y)).
Thus, by the identity (16), we obtain that for all Y ∈ F∗(g/z) we have
(17) Y (τ−1(y)) = B(Y )(y), for all y ∈ N/ ˜ZΓ.
Let Y1, . . . ,Yd be a basis of F∗(g/z) and let X1, . . . ,Xd be a basis of constant vector
fields on N/ ˜ZΓ. Then we can write
(18) Yi = ∑
j
Hi jX j, for all i = 1, . . .d.
with H = (Hi j) : N/ ˜ZΓ →Gl(Rd) a smooth function on N/ ˜ZΓ. Writing the matrix
valued function H in Fourier series with respect to the coordinates (yi), we have
(19) H(y) = ∑
n∈Zd
hnen(y),
with en(y) = exp(2piın · y). Denoting the matrix on the automorphism B with re-
spect to the basis (Yi) by the same letter B, the equation (17) reads(
B− en(−α)I
)
hn = 0
or
hTn (BT − en(−α)I) = 0.
This identity shows that the matrix hTn vanishes on the range of (BT − en(−α)I).
Thus, in Fourier series of H(y), there are at most d coefficients hn which do not
vanish; they correspond to the indices n for which en(−α) is an eigenvalues of the
matrix B. Let En1 , . . . , Enk be the generalized eigenspaces of BT corresponding to
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the eigenvalues en1(−α) . . . enk(−α). Then ⊕kℓ=1Enℓ = Cd and kerhTnℓ ⊃⊕m 6=ℓEnm .
Since the matrix H(y) is invertible for all y ∈ N/ ˜ZΓ, the kernel of hTnℓ cannot be
larger than ⊕m 6=ℓEnm and consequently we have the identity kerhTnℓ = ⊕m 6=ℓEnm . It
follows that the matrix hnℓ is a linear surjective map of Cd onto Enℓ and a linear
isomorphism when restricted to Enℓ . Hence B|Enℓ = enℓ(−α)I. We have proved
that the automorphism B of F∗(g/z) (or equivalently the automorphism B of g/z) is
semi-simple with spectrum {enℓ(−α)|ℓ = 1, . . . ,k} corresponding to eigenspaces
Enℓ ⊂ F∗(g/z), ℓ= 1, . . . ,k.
Since α is a irrational number, none of the numbers enℓ(−α) occurring in the
spectrum of B is a root of unity, if nℓ 6= 0. From the results of Step 2, we deduce that
every eigenspace Enℓ ⊂ g/z with nℓ 6= 0 lift to an eigenspace E ′nℓ of the automor-
phism B0 of g. The subspace E0 ⊂ g/z is an Abelian sub-algebra of g/z, mapped
to constant vector fields by the conjugation F∗.
Chasing definitions, we conclude that the identity
(20) τ0∗ ¯Y = enℓ(−α) ¯Y .
holds true for all ¯Y ∈ F0∗(E ′nℓ).
Step 5. Let (Yℓ)ℓ=1,...,d be a basis of the sub-algebra F∗(g/z) of eigenvectors of
the automorphism B ≈ τ∗ with eigenvalues λi = enℓ(−α), ℓ = 1, . . . ,d. The ele-
ments (Yℓ) with nℓ 6= 0 come in conjugate pairs. We may assume that elements (Yℓ)
with nℓ = 0 are real. Let (Y ∗ℓ )ℓ=1,...,d , be the horizontal lifts of the fields (Yℓ)ℓ=1,...,d
(then this set of elements of g is closed under conjugation).
Let I0 be the set of indices ℓ= 1, . . . ,d such that nℓ = 0, and let Ic0 its complement
in the integer interval [1,d]. For ℓ ∈ Ic0 let ¯Yℓ ∈ F0∗(E ′nℓ) be an eigenvector τ0∗
projecting to Yℓ, so that
(21) τ0∗ ¯Yℓ = enℓ(−α) ¯Yℓ, ∀ℓ ∈ Ic0;
for ℓ ∈ I0, let ¯Yℓ be a generalised eigenvector of eigenvalue 1 for τ0∗ projecting to
to the (constant) field Yℓ; then there exist vertical fields so that Vℓ,1, Vℓ,2,. . . , Vℓ, jℓ ,
such that
(22) (τ0)k∗ ¯Yℓ = ¯Yℓ+ kVℓ,1 +
(k
2
)
Vℓ,2 + · · ·+
( k
jℓ
)
Vℓ, jℓ , ∀ℓ ∈ I
c
0 ∀k ∈ N.
Choose fundamental horizontal vector fields (X∗ℓ )ℓ=1,...,d so that at the point Γ ∈
N/Γ they coincide with the horizontal vectors (Y ∗ℓ (Γ))ℓ=1,...,d . Then the vector
fields (X∗ℓ )ℓ=1,...,d project to constant vector fields (Xℓ)ℓ=1,...,d which at the point
˜ZΓ ∈ N/ ˜ZΓ coincide with the vectors (Yℓ( ˜ZΓ)), i.e. we have Yℓ( ˜ZΓ) = Xℓ , for all
ℓ= 1, . . . ,d.
With these choices, the formula (18), in virtue of the definition (19), becomes
Yℓ = enℓXℓ, ℓ= 1, . . . ,d,
and, consequently, we have
Y ∗ℓ = enℓX
∗
ℓ ℓ= 1, . . . ,d.
From the identity (15) we obtain
(23) (τ0)∗Y ∗ℓ = enℓ(−α)
(
Y ∗ℓ +µ(Yℓ)
)
,
for all ℓ= 1, . . . ,d.
Let ν be the z-valued one-form on the torus N/ ˜ZΓ defined by
(24) ¯Yℓ = Y ∗ℓ +ν(Yℓ), ∀ℓ= 1, . . . ,d.
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For Y =Yℓ, using (20) and the fact that (τ0)∗ restricted to vertical vectors coincides
with the automorphism A0, we obtain the identity
(τ0)∗(ν(Y ))(x) = (dτ0)τ−10 (x)
(
ντ−1(x)(Yτ−1(x))
)
= A0
(
ντ−1(x)(Yτ−1(x))
)
= A0
(
(τ∗ν)x(τ∗Y )x
)
= enℓ(−α)A0
(
(τ∗ν)x(Yx)
)
..
where, as usual, the push-forward of a one form by a diffeomorphism is defined as
the pull-back by the inverse diffeomorphism: for any scalar one-form β on the torus
N/ ˜ZΓ we define τ∗β = (τ−1)∗β (so that βy(Xℓ) = βτ−1y(Xℓ) for all ℓ = 1, . . . ,d).
Hence, from (23) and the above definition (24), we derive
(25) (τ0)∗ ¯Yℓ = enℓ(−α)
[
Y ∗ℓ +µ(Yℓ)+ (A0 ◦ τ∗ν)(Yℓ))
]
, ∀ℓ= 1, . . . ,d.
On the other hand, for ℓ∈ Ic0, the same definition (24) together with the identity (21)
yields
(τ0)∗ ¯Yℓ = enℓ(−α)
[
Y ∗ℓ +ν(Yℓ)], ∀ℓ ∈ I
c
0.
Comparing the two expressions above we obtain, for all ℓ∈ Ic0 , the identity µ(Yℓ) =
ν(Yℓ)− (A0 ◦ τ∗ν)(Yℓ), or, equivalently,
(26) µ(Xℓ) = ν(Xℓ)− (A0 ◦ τ∗ν)(Xℓ), ∀ℓ ∈ Ic0.
For the case ℓ ∈ I0, we consider the following generalizations of the formu-
las (23) and (25): for all ℓ= 1, . . . ,d, we have
(τ0)
k
∗Y
∗
ℓ = enℓ(−kα)
(
Y ∗ℓ +
k
∑
j=1
(A j−10 ◦ τ
j−1
∗ µ)(Yℓ),
and
(τ0)
k
∗
¯Yℓ = enℓ(−kα)
[
Y ∗ℓ +
k
∑
j=1
(A j−10 ◦ τ
j−1
∗ µ)(Yℓ)+ (Ak0 ◦ τk∗ν)(Yℓ)
]
.
For ℓ ∈ I0, the definition (24) and the formula (22) give
(τ0)
k
∗
¯Yℓ = ¯Y ∗ℓ +ν(Yℓ)+ kVℓ,1 +
(k
2
)
Vℓ,2 + · · ·+
( k
jℓ
)
Vℓ, jℓ , ∀ℓ ∈ I
c
0;
Taking differences and considering that for ℓ ∈ I0 we have Yℓ = Xℓ we obtain
k
∑
j=1
(A j−10 ◦ τ
j−1
∗ µ)(Xℓ) = ν(Xℓ)− (Ak0τk∗ν)(Xℓ)+ kVℓ,1 +
(k
2
)
Vℓ,2 + · · ·+
( k
jℓ
)
Vℓ, jℓ .
and for k = 1
(27) µ(Xℓ) = ν(Xℓ)− (A0 ◦ τ∗ν)(Xℓ)+Vℓ,1
Step 6. Define a new connection ω0 on N/Γ by setting
ω0 = ω−ν .
The horizontal lifts of a constant vector field X with respect to this connection is
now given by the formula
˜X∗ = X∗+ν(X).
From the identity (15) we obtain
(τ0)∗( ˜X∗) = (τ0)∗(X∗)+ (A0 ◦ τ∗ν)(X) = X∗+µ(X)+ (A0 ◦ τ∗ν)(X)
Hence, for all ℓ ∈ Ic0 , the identity (26), µ(Xℓ) = ν(Xℓ)− (A0◦τ∗ν)(Xℓ), nous donne
(τ0)∗( ˜X∗ℓ ) = X
∗+µ(Xℓ)+A0τ∗ν(Xℓ) = X∗ℓ +ν(Xℓ) = ˜X∗ℓ
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For all ℓ ∈ Ic0 , the identity (27), yields by a similar computation,
(τ0)∗( ˜X∗ℓ ) = X
∗
ℓ +Vℓ,1
We have shown that the diffeomorphism τ0 has a constant jacobian matrix with
respect to the basis of vector fields { ˜X∗i ,V ∗α | ℓ = 1, . . . ,d,α = 1, . . . s} and that
(τ0)∗( ˜X∗ℓ ) = ˜X
∗
ℓ +∑cℓ,αV ∗α .
Step 7. The z-valued one-form ν is Z(G) invariant, hence for any constant vector
field X on the torus N/ ˜ZΓ and every fundamental vertical vector field V ∗ we have
[V ∗,ν(X)] = 0 and therefore [V ∗, ˜X∗] = [V ∗,X∗+ν(X)] = 0. It follows that
(τ0)∗[ ˜X∗i , ˜X
∗
j ] = [ ˜X
∗
i , ˜X
∗
j ].
On the other hand we have
[ ˜X∗i , ˜X
∗
j ] =−Ω(Xi,X j)+dν(Xi,X j) =: C(Xi,X j).
Hence
(τ0)∗[ ˜X∗i , ˜X
∗
j ] = (A0 ◦ τ∗C)(Xi,X j) =C(Xi,X j)
that is,
A0 ◦ τ∗C =C.
As all the eigenvalues of the automorphism A0 are roots of unity by taking a suit-
able power of the automorphism A0, we obtain the identity Ak0 ◦ τk∗C = C, with Ak0
unipotent. It follows, by the ergodicity of all the iterates of τ , that the two-form C is
constant, i.e. that dν = 0. We observe that the vector fields { ˜X∗i ,V ∗α} form the basis
of a nilpotent Lie algebra isomorphic to n, since the only non-trivial commutation
relations are given by
[ ˜X∗i , ˜X
∗
j ] =−Ω(Xi,X j).
Summarizing, by the remark at the end of Step 1, we may compose the diffeomor-
phism F0 by a diffeomorphism h of N projecting to the identity diffeomorphism of
N/ ˜ZΓ, so that, after lifting the vector fields Xi, ˜X∗i and V ∗α to N, we have h∗Xi = ˜X∗i
and h∗V ∗α =V ∗α . The vector fields { ˜X∗i ,V ∗α} define a new Lie group structure on N,
with Lie algebra n, with respect to which the diffeomorphism τ0 has “constant
jacobian matrix” since we have
(τ0)∗V ∗α = A0(V ∗α ).
and since there exist Vi ∈ z
(τ0)∗ ˜X∗i = ˜X
∗
i +Vi, i = 1, . . .d.
Thus, up to replacing F0 with h◦F0 and the lattice Γ by h(Γ) and renaming the
˜X∗i as X∗i , we have proved that there exists
• a connected, simply connected, nilpotent Lie group N,
• a lattice Γ < N,
• a diffeomorphism F0 : G/D → N/Γ,
• a diffeomorphism τ0 : N/Γ→ N/Γ
• and a basis {X∗i ,V ∗α | i = 1, . . .d,α = 1, . . . ,s} of the Lie algebra n of N
such that
• The only non-trivial commutation relations in n are given by
[X∗i ,X
∗
j ] =Vi j with Vi j ∈ z := span{V ∗α};
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• The diffeomorphism F0 intertwines the maps ψ0 and τ0:
F0 ◦ψ0 = τ0 ◦F0;
• The diffeomorphism τ0 has “constant jacobian matrix” given
(τ0)∗V ∗α = A0(V ∗α ), (τ0)∗ ˜X∗i = ˜X∗i +Vi, i = 1, . . .d,α = 1, . . . ,s.
with A0 a quasi-unipotent automorphism of the Abelian subalgebra z and
Vi ∈ z.
It is immediate to deduce that τ0 is an affine map of N, hence concluding the
proof. In fact let B0 be the quasi-unipotent automorphism of n defined by (τ0)∗.
Let τ˜0 be the lift to N of the diffeomorphim τ0 and set τ˜0(eN) = x0. The map
σ : x ∈ N 7→ x−10 τ˜0(x) ∈ N fixes the neutral element eN ∈ N. Its tangent map is
the automorphism of n given by B1 := Int(x0) ◦B0, which is easily verified to be
quasi-unipotent. Thus the map B−11 ◦σ is a diffomorphism of N fixing the neu-
tral element eN and whose tangent map induces the identity map n. It follows
that τ˜0(x) = x0B1(x) for all x ∈ N. Hence the map τ0 is an affine quasi-unipotent
diffeomorphism of N/Γ. As the diffeomorphism ψ0 is ergodic so it is the diffeo-
morphism τ0. By Corollary 1 of Parry’s paper [Par69], a quasi-unipotent ergodic
affine diffeomorphism of a nilmanifold is unipotent. This concludes the proof. 
Lemma 6.2. Let N be a connected, simply connected, nilpotent Lie group, let
Γ < N be a lattice in N and ψ : N/Γ → N/Γ a Ad-unipotent affine transforma-
tion, with ψ(xΓ) = uA(x)Γ. Then the automorphism A is unipotent with a rational
generalized Jordan basis.
By a rational basis, we mean a basis B of n such that every linear form on n
which is integral on logΓ takes rational values on every v ∈B. A rational basis B
is a generalized Jordan basis for the automorphism A ∈ Aut(N) if its matrix with
respect to this basis is upper (or lower) triangular.
Proof. The Lemma is immediate if N is Abelian, since in this case dψ = A and
A(Γ) = Γ.
Suppose, by induction, that the Lemma is true for all nilmanifolds N/Γ such
that the degree of nilpotency of N is less than n. Let the degree of nilpotency of N
be equal to n.
Let {n(k)} denote the descending central series of the Lie algebra n of N, defined
by induction by n(0) = n and n(k+1) = [n(k),n] for all k ∈ N, and let N(k) be the
corresponding analytic groups.
Then N/N(n−1) is a nilpotent group of degree of nilpotency (n− 1). Since the
induced affine diffeomorphism ψ¯ of the nilmanifold N/ΓN(n−1) is unipotent, by the
induction hypothesis, the induced automorphism ¯A ∈ Aut(n/n(n−1)) is unipotent
and has a generalized rational Jordan basis, that is a basis
¯Bn−1 = { ¯X1,1, . . . , ¯X1,ℓ1 , ¯X2,1, . . . , ¯X2,ℓ2 , . . . , ¯Xk,1, . . . , ¯Xk,ℓk},
such that
¯A ¯Xi, j = ¯Xi, j +
j−1
∑
k=1
ci,k ¯Xi,k,
with ci,k ∈Q for all possible values of i and k.
Let Bn−1 = {X1,1, . . . ,X1,ℓ1 ,X2,1, . . . ,X2,ℓ2 , . . . ,Xk,1, . . . ,Xk,ℓk} a system of ratio-
nal vectors projecting to ¯Bn−1 under the natural map n → n/n(n−1). Since the
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differential dψ of the Ad-unipotent affine transformation ψ preserves the center
Nn−1 and it coincides with the automorphism A, there exists a rational Jordan basis
Cn−1 of n(n−1) for the restriction of the automorphism A to Nn−1.
It is now immediate to check that Bn = Bn−1∪Cn−1 is a generalized rational
Jordan basis for the automorphism A, and that A is unipotent. 
Lemma 6.3. Let N be a connected, simply connected, nilpotent Lie group, let
Γ < N be a lattice in N and ψ : N/Γ → N/Γ a unipotent ergodic affine transfor-
mation. Then either the diffeomorphism ψ admits infinitely many invariant inde-
pendent distributions of Sobolev order 1/2 or is smoothly diffeomorphic to a toral
translation.
Proof. Recall that N is an algebraic affine group. The exponential and logarithm
map exp: n→ N and log : N → n are polynomial maps, hence rational. By Lem-
ma 6.2, if ψ(xΓ) = uA(x)Γ, then the automorphism A is unipotent with a rational
Jordan basis. It follows that there exists a one-parameter group B = {Bt}t∈R of
automorphisms of N such that B1 = A. With respect to a rational Jordan basis of
n, the automorphisms {Bt} are polynomial in the variable t, hence they operate
rationally on N. It follows that the semi-direct product H = N ⋊ B is an alge-
braic nilpotent group. The set {(u,A)n | n ∈ Z} is a subgroup of H; let T be its
Zariski closure in H . As A is unipotent and N connected and simply connected, the
Abelian group T is connected for the Hausdorff topology. It follows that the group
T is a one-parameter group of H , necessarily of the form {(u(t),Bt)}t∈T , such that
(u(1),B1) = (u,A).
Define Λ = {(γ ,Bn) | n ∈ Z,γ ∈ Γ}, Since B1 = A and A(Γ) = Γ, the set Λ is
a discrete subgroup of H . In fact the space H/Λ is a compact nilmanifold. We
consider the nilmanifold N/Γ as a submanifold of H/Λ via the embedding given
by the mapping xΓ 7→ (x,1)Λ.
Let (φt)t∈R be the flow on H/Λ given by left translation by the one-parameter
group {Bt}t∈R. It is immediate to check that the first return of the flow (φt)t∈R to
the submanifold N/Γ occurs at time t = 1 and the first return map coincides with
the affine map ψ . Hence the flow (φt)t∈R on the compact nilmanifold H/Λ is the
suspension of the affine diffeomorphism ψ and in particular it is ergodic.
By Theorem 4.15, the flow (φt)t∈R either admits infinitely many invariant in-
dependent distributions of Sobolev order 1/2 or is diffeomorphic to an ergodic
translation flow on a torus. This latter possibility occurs only if the nilmanifold
H/Λ is a torus; this is the case only if the automorphism A is trivial and the group
N is Abelian, that is if the affine map ψ is a translation and on a torus. Thus, unless
the diffeomorphism ψ is a translation on a torus, the diffeomorphism ψ admits
infinitely many invariant independent distributions of Sobolev order 1/2. 
Corollary 6.4. Let G be a connected, simply connected, solvable Lie group, let
D < G be a lattice in G and let ψ0 = u0A0 be an ergodic affine quasi-unipotent
diffeomorphism of G/D. Assume that Z(G)D is a closed subgroup of G. Let
F : G/Z(G)D→Td be a diffeomorphism conjugating the map ψ , induced by ψ0 on
G/Z(G)D, with an ergodic translation τ of Td. Then either the diffeomorphism ψ0
admits infinitely many invariant independent distributions of Sobolev order 1/2 or
is smoothly diffeomorphic to a toral translation.
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Proof. By Lemma 6.1 there exists a connected, simply connected, nilpotent Lie
group N, a lattice Γ < N, a diffeomorphism F0 : G/D → N/Γ and an unipotent
ergodic affine diffeomorphism τ0 : N/Γ → N/Γ such that F0 ◦ψ0 = τ0 ◦F0.
Thus the statement follows from Lemma 6.3. 
7. OPEN PROBLEMS
We conclude the paper by stating some (mostly well-known) open problems and
conjectures on the stability and the codimension of smooth flows.
Conjecture 7.1. (A. Katok) Every homogeneous flow (on a compact homogeneous
space) which fails to be stable (in the sense that the range of the Lie derivative on
the space of smooth functions is not closed) projects onto a Liouvillean linear flow
on a torus. In this case, the flow is still stable on the orthogonal complement of the
subspace of toral functions (in other words, the subspace of all functions with zero
average along each fiber of the projection).
As mentioned in the Introduction, hyperbolic and partially hyperbolic, central
isometric (or more generally with uniform sub-exponential central growth), acces-
sible systems are stable.
In the unipotent case, it is proved in [FF03] that SL(2,R) unipotent flows (horo-
cycles) on finite volume homogeneous spaces are stable and in [FF07] that the
above conjecture holds for nilflows.
Problem 7.1. Classify all compact manifolds which admit uniquely ergodic flows
with (a) a unique invariant distribution (equal to the unique invariant measure) up
to normalization; (b) a finite dimensional space of invariant distributions.
Example of manifolds (and flows) of type (a) have been found by A. Avila,
B. Fayad and A. Kocsard [AFK12]. Note that the Katok (Greenfield-Wallach) con-
jecture implies that in all non-toral examples of type (a) the flow cannot be stable.
Recently A. Avila and A. Kocsard [AK13] have announced that they have con-
structed maps on the two-torus having a space of invariant distributions of arbitrary
odd dimension. It is unclear whether examples of this type can be stable:
Problem 7.2. (M. Herman) Does there exists a stable flow with finitely many in-
variant distributions which is not smoothly conjugate to a Diophantine linear flow
on a torus?
The only known example which comes close to an affirmative answer to this
problem is given by generic area-preserving flows on compact higher genus sur-
faces [For97], [MMY05]. Such flows are generically stable and have a finite di-
mensional space of invariant distributions in every finite differentiability class (but
not in the class of infinitely differentiable functions).
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